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The cyclic segmentedparallelpre x (CSPP)circuit is a varationon parallelpre x. Whereasordinary parallel
pre x computesgpre x sumsof a vectorfrom the beginning, CSPPallows the startingpoint to move arbitrarily, with
thedata“wrappingaround. Thewraparounds widely useful. We have usedCSPPto redesignmary componentsf
asuperscalaprocessoto runin time logarithmicin the numberof inputs.

Parallel-Pre x circuits and Segmented-Brallel-Pre x circuits are well understood. Seefor example,[1] for a
discussiorof log-depthParallel-Pre x circuits. Segmented-Brallel-Pre x circuitsarein anexerciseof [1], andwere
implementedn the CM-5 supercomput€i7, 5, 4, 2].

Therestof this paperis organizedasfollows. Sectionl reviewstheparallel-pre x problemalongwith thestandard
solutions.

Section2 reviews the standardog-depthcircuitsfor solving parallelpre x. Section3 reviews segmentedoarallel
pre x. Sectiond discusseafew minor variationson parallelpre x. Section5 describeshecyclic sggmentedoarallel
pre x problem.Section6 discussesoreminorvarations.Section7 shavs someexamples.

1 Parallel Pre x

Thissectiondeinegheparallel-pre x problemandreviewsthestandargarallel-pre xcircuits. Suchsolutionsanclude
lineardepthandquadratric-depthircuits.

The pre x problemis asfollows. Oneis givenanassociatie operator with anidentity value, . Givensome
inputs , , weneedtocompute , , , as:

where is de nedto betheidentity valuefor the . (For example,if is addition(andtheidentity for additionis
0), then J)

Sometimeonewantsspecialinitial and nal values. Onecanformulatethe pre x problemashaving aninitial
value thatis passedo thecircuit. In this casewe have

This canbeviewedastheearliercasesimply by renumberinghe subscriptsothatwe have

if ,and
otherwise.

andthenperforminga parallelpre x onthe values.Similarly, onewould liketo geta nal outputvalue fromthe
circuit whichis de nedto be

Again, this canbeimplementedy the earliercaseby manipulatingsubscripts We simply extendthe subscriptrange
to andcompute as



Figurel: A lineartime pre x circuit.

The naturaland easything to do is to computethe 's serially First onecomputesach andusethatto
compute as
theidentityvalue if ,and
otherwise.

Figure 1 shows a circuit that computeghe pre x operationin lineartime. Thusit is easyto seethatpre x canbe
computedn timelinearin . It is surprisingto mary peoplethatthe pre x problemcanbesolvedin timelogarithmic
in by usinga circuit structureknown asparallel pre x. (Microprocessodesignerarefamiliar with thefastcarry-
lookaheadadditioncircuit to addtwo binary numbersn log time. It turnsout thatfastcarry-lookaheads a special
casein the classof parallelpre x circuits.)

2 Log-Time Parallel Pre x

Beforereviewing the constructionof parallel-pre x circuits in general,we presentan example. Figure 2 shavs a
parallel-pre x circuit that takes eight inputs, , and computegheir pre x sums . The
inputs  areprovidedatthe bottomof the circuit, andtheoutputs comeoutthebottom,with output comingout
justto theleft of whereinput  goesin. Theidentity (zero)andthe sumof all thevalues( ) comeoutatthetop. The
critical-pathlengthof this circuit is logarithmicin the numberof inputs. This circuit canbe layedoutin VLSI using
anH-treelayout[6] with aresultingareaof about where is the numberof bitsin theresult . The
resultingwire delayis about N
Notethatonecanfurtheroptimizethe parallel-pre x sumcircuit of Figure2. If we usearedundantepresentation
(suchasthe carry-sae adderasusedin Wallace-treemultipliers),with a single nal sumattheend,we canperform
theentireparallel-pre x sumin only gatedelaysasopposedo . Furthermorepftenthe width of
thedatavaluesis smallerattheinputsthanatthe outputs(for example,whentheinputs to ansumareonly onebit
each,but the outputit bits, a casewhichwill comeup laterin this paper) thenwe cancarefullysizethe ALUs
sothatthey take just the right numberof bits asinputsandproducethe right numberof bits asoutputs,which will
save areaandpower. Oneimportantspecialcaseis whenthe 'sareone-biteach.The problemof summingone-bit
inputsis oftenreferredto asthe enumeation problem.(Prior art: See[1, Exercise29.2-8]for anexerciseon building
“tallying circuits” which have only gatedelays.)
In generala parallelpre x circuit consistof atreeasshavnin Figure3. The valuesareinputedattheleaves

of thetree (atthe bottomof the gure). Theresults arealsooutputedat theleaves,adjacento the corresponding

's. Theidentity value is inputedat the root of the tree (at the top of the gure) andtheresult  of combining
all the valuesis outputedat theroot of thetree. The valuesalongeachsignalwire have beenlabeled.(The signal
wiresmaybe severalbits wide in orderto encodehenecessarinformation.)We usethenotation  to indicatethat
aparticularwire carriesthevalue . Thus

(If then istheidentity value.)Thecircuit computes



Figure2: A parallel-pre x summatiorcircuit.

for . Theverticesof thetreearecalledtree x modules(Se€[1] for adiscussiorof how to adaptthe circuit
of Figure3 to computethe specialcaseof and mentionedabore.)

Thetree x moduleof Figure3 is shavn in moredetailin Figure4. Eachtree x modulehasthreeinputsandthree
outputs,arrangedn pairsof aninputandanoutput. Onepair connectgo the circuit above, oneto the lower-left and
oneto thelowerright. Therearesomeintegers , ,and , with , suchthatthe datacomingfrom above
will be , the datacomingfrom the lowerleft will be andthe datacomingfrom the lowerright will be

. Thetree x modulethenproduces outputedto above, it produces outputedto lowerleft and
produces outputedo lowerright. Thereadercancheckthatthesearein factthe valuescarriedon the wires of
Figure3. Thecircuit to computethesevaluesis very easyto designsince

,and

Althoughthetreein Figure3 hasabranchingactorof two (thatis, it is abinarytree),all theparallel-pre x circuits
describedn this papercanbeimplementedvith anarbitrarybranchingactor The choiceof anappropriatdranching
factordependson the parameter®f a particulartechnology For illustration, we will shav all our circuits with a
branchingfactorof two.

3 SegmentedParallel Pre x

We will alsoneedsegmentedparallel-pre x circuits. Thesegmented-pre xproblemis very similarto the pre x prob-
lem. A sgmented-pre xoperatiorconsistof a collectionof separat@re x operation®veradjacenton-overlapping
sgmentsof theinput , , . Theway this worksis thatin additionto providing inputs , we provide
additionall-bit inputs calledthe segmentbits. The segmentbits indicatewherea new segmentis aboutto begin.
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Figure3: A parallel-pre xcircuit.

Figure4: Thetree x module.

Theoutputis

where



Figure5: A lineartime sggmentedore x circuit.

Thusif we have

then

and

A lineartime sggmentedparallel-pre xcircuitis shavnin Figure5. Thisis similarto thecircuit of Figurel except
thatMUXes have beenaddedo handlethe sgmentbits.

The seggmentedparallel-pre x circuit hasthe samestructureasthe ordinary parallel-pre x tree, exceptthat we
modify thetree x moduleto computeanadditionalsegmentatiorsignal , Whichis passedipthetree. Thevalue

indicatesf arny of the sggmentsbits areequalto one.Figure6 shavs a segmentedoarallel-pre x

circuit with eightleaf nodes( ). Thetreeusesthe slightly modi ed tree x moduleshavn in Figure7. An OR-
gatewithin the modulecomputeghe segmentatiorsignalthatwill be passedip. Two multiplexers(thatis MUXe9
senethepurposeahatif thereis a segmentbit in a certainsubtreeno valuewill beaddedn from theleft subtree.

Note that a segmentedparallel-pre x canbe viewed asa pre x computationon valueswhich are pairs:
where s thevaluebeingoperatedn by the original operatorand is a segmentatiorbit. We have the following

operator:
if ,
sq otherwise.

Notethatthis operatolis associatie. To shaw this we shav that

Proof: If then

and
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Figure6: A segmentedparallel-pre x circuit.

Figure7: A sggmentedree x module.



Otherwise

and

Thus,the sgmentatioroperatolis associatie, andour treeswitchcircuit canbeviewedasanordinaryparallel-pre x
circuit with a certainassociatie operator (See[1, Exercise30-1].)

4 Variations on Pre x Circuits

Often,thepre x is modi ed slightly from the formulaegivenabove. For example,aninclusivepre x has

insteadof

An inclusive sggmentecpbre x has

insteadof

Sometimedt is usefulto have abackwardspre x operation An exclusive backwardspre x operations

Similarly, aninclusive versioncanbe madewith andwithout sggmentation.

The practitionemustbe carefulto getthe “fencepost’conditionsright whenimplementatinghesecircuits. That
is, thelower andupperboundsto the summatiorindex mustbe thoughtthroughcarefullyto avoid designed-irerrors
in thecircuits.

Note: Sometimegre x circuitsarecalled“scanchains”(Seee.qg.,[3, 8].)

5 Cyclic SegmentedParallel Pre x

If we areguaranteethatatall timessomesegmentbit is equalto one,thenwe cande ne the cyclic sggmentedore x
problem.This problemis the sameasthesegmentedpre x, exceptthatwe wantthevaluesto “wrap around”.We can
de ne thisby usingmoduloarithmeticfor theindicesof and . Welet
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Figure8: A lineartime cyclic sggmentedore x circuit.

where
ary integer and
and
is amultiple of n.
Thus . Notethat maybenegative.

Returningto our previousexample,if theinputto acyclic parallelpre x is

then

and

A lineartime cyclic segmentedore x circuitis shavn in Figure8. Thisis similarto thelineartime pre x circuits
of Figure5 exceptthecircuit is wrappedaroundto bearing.

A cyclic sggmentedparallel-pre x circuit canbe implementedy startingwith a segmentecparallelpre x tree,
andmodifying it asfollows: connecthe outputat the root of the treeto theinput at theroot, discardingthe segment
bit. Figure9 shaws a cyclic sggmentedparallelpre x circuit. Theindividual tree x modulesarethe sameasfor the
segmentedagyclic circuitin Figure7. The only differencefrom the agyclic segmenteccircuit is the root of the tree.
Thetree x moduleattherootof theagyclic treeis removed,andthe outputsof thetwo subtreesresimply connected
together(the input of the left subtreeconnectedo the outputof theright subtreeandthe input of the right subtree
connectedo the outputof theleft subtreeandthe sgmentsummariesomingoutof eachsubtredgnored..)Notethat
thetreeproducesomevalueevenif noneof the segmentbits areequalto one(thereis no cycle in thecombinational
logic), but thevalueproduceds nottheindicatedby theformulaabove.

Figurel0shownsacyclic sgmentedparallel-pre x circuit layedoutin anH-treelayout. Thesubtreghatwould be
drawvn ontheleft in Figure9 is atthe top of Figure 10, andtheright treeis at the bottomof Figure10. Therootnode
of thetreehasbeenoptimizedto take advantageof thefactthatatleastoneof the sggmentbits mustbe setto one.
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6 Variations of CSPP

Justasfor ordinarypre x circuitsone canhave inclusive and/orbackwardspre x operationsso canoneimplement
inclusive and/orbackwardspre x operationswith cyclic segmentedparallel-pre x circuits.

It is clearthattherearemary alternatvesfor building pre x circuits. Onecanbuild alineartime pre x chain,one
canbuild a separatéreeto computeeachoutput,possiblysharingsomecommonsubepressionspr one canbuild a
singlebidirectionaltree asdescribechere. One canvary the degreeof the tree,so thatinsteadof eachnodehaving
two children,eachnodecould have threeor more children. Onecould vary the timing methodology For example,
in a self-timedsystemdatatravelling alongthe tree links would carry its own clocking information. Or one could
build a globally clocked system.Othertiming schemesvould work aswell. Onecouldvary thetechnologysothat
the circuitsareimplementedn CMOS or Bi-CMOS or otherlogic families,andthe communicationdinks could be
implementedwith traceson circuit boards,or twisted pair cables,or coaxial cables,or ber optic cables,or other
technologiesOnecouldusestandaraircuit optimizationtechniqueso improve the speedf thecircuit. For example,
in sometechnologiesNAND gatesarefasterthanary othergates.In suchtechnologiesthe circuitsusingAND and
ORgatescouldbetransformednto circuitsusingonly NAND gates Anotherexamplewill discussedh Section7 and
is shavn in Figure13, which shavs a cyclic sgmentedparallel-pre x of the AND function. In thatcase the MUX
hasbeensimpli ed to anOR gate.

7 Examplesof CSPP

This sectiondescribes numberof CSPFecircuitsthatwe nd usefulin processodesign.At block-level, all the CSPP
circuitsthatwe areaboutto describeareidenticalto eachother For example,Figure9 shaveda CSPPcircuit with 8
leafnodegy ). ThedifferentCSPFcircuitsonly differ in theirimplementatiorof tree x modules.In this section,
we will describeseveraluseful CSPPcircuitsin termsof their functionandtheirtree x moduleimplementation.

The rst exampleis the “oldest” CSPPcircuit. The “oldest” CSPPcircuit passeso eachleaf nodein the CSPP
treetheinput valueof the oldestnodein its segment. This circuit canbe usedto to passdatabetweenproducerand
consumeinstructionsn awrap-aroundnstructionwindow, for example.The“oldest” CSPPcircuit usesheoperator

. Figure11 shavsthecircuity insideeachtree x modulefor the “oldest” CSPPcircuit.

Anothervery usefultype of a CSPPcircuit is the conjunctionCSPPcircuit. The conjunctionCSPPcircuit tells
eachleaf nodein the CSPPtree whetherall precedindeaf nodeswithin its segmenthave met a certaincondition.
For example,a conjunctionCSPPcircuit cantell eachinstructionwithin aninstructionwindow whetherall preceding
instructionshave computed. The conjunctionCSPPcircuit usesthe operator . Figure 12 shows the
circuity inside eachtree x modulefor the conjunctionCSPPcircuit. The circuit shavn takesa -bit input, and
performsbitwise logical AND operationon thoseinputs. This canbe viewed asperforming independenAND
operationausinga single,sharedsegmentbit. Of course the circuitry within eachtree x modulecanbe optimized.
For example,Figure13 showvs anoptimized,8-leaf-nodeconjunctionCSPPwith inputandoutputwidth of 1 ( ).

ThedisjunctionCSPPcircuit indicatesvhetherary previousnodewithin the segmenthasmeta certaincondition.
This canbeimplementeddy invertingthe inputsandthe outputsfor the conjunctionCSPPcircuit, or it canbe
implementedlirectly. Figure14 shovstheunoptimizedree x modulefor a disjunctionCSPPcircuit. Of coursethis
modulecanalsobe optimizedfrom

if ~
otherwise,

to

A third importanttype of a CSPPcircuit is the summationCSPPcircuit. The summationCSPPcircuit tells each
leaf nodethe sum of the precedingleaf nodes'inputs within its segment. A summationCSPPcan be used,for
example,to sumup the numberof requestgor aresource A straightforvardimplementatiorof a summationCSPP
usesa lookaheadadderfor each operator A moreefcient implementatiorcanbe achievzed by usingcarry-sae
addersFigurel5 showvs onepossiblamplementatiorof thetree x modulefor asummationCSPFeircuit. This CSPP
circuit representgachsumby two partial sumsthataddup to the sum. For each , the moduleusestwo cascaded
carry-sae adders(CSA) that reducefour partial sumsto two partial sums. EachCSA takesthree bit inputsand
produceswo bit outputs.As partialsumspropagateip thetree,they increasen sizeby onebit at eachtree x
module. (In somesituationsit is known thatthe outputrequiresat most bits to representin which casethe high
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Figurell: An “Oldest” Tree x Module.

Figure12: A ConjunctionTree x Module.
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Figure13: An optimizedConjunctionCSPP

orderbits canberemovedfrom thecircuit. An exampleof sucha situationis addingtogether32-bitnumberdo geta
32-bitsumfor anaddresgalculation.)

The advantageof using CSA circuitry is that the entire summationof numbersto producea -bit resultcan
be performedwith critical-pathdelay insteadof for addersusinga nonredundant
representation.
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Figurel5: A SummationTree x Module.
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