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The cyclic segmentedparallelpre�x (CSPP)circuit is a varationon parallelpre�x. Whereasordinaryparallel
pre�x computespre�x sumsof a vectorfrom thebeginning,CSPPallows thestartingpoint to move arbitrarily, with
thedata“wrappingaround.” Thewraparoundis widely useful.We haveusedCSPPto redesignmany componentsof
a superscalarprocessorto run in time logarithmicin thenumberof inputs.

Parallel-Pre�x circuits and Segmented-Parallel-Pre�x circuits arewell understood.Seefor example,[1] for a
discussionof log-depthParallel-Pre�x circuits. Segmented-Parallel-Pre�xcircuitsarein anexerciseof [1], andwere
implementedin theCM-5 supercomputer[7, 5, 4, 2].

Therestof thispaperis organizedasfollows. Section1 reviewstheparallel-pre�xproblemalongwith thestandard
solutions.

Section2 reviewsthestandardlog-depthcircuitsfor solvingparallelpre�x. Section3 reviewssegmentedparallel
pre�x. Section4 discussesa few minorvariationsonparallelpre�x. Section5 describesthecyclic segmentedparallel
pre�x problem.Section6 discussesmoreminorvarations.Section7 showssomeexamples.

1 Parallel Pre�x

Thissectiondeinestheparallel-pre�xproblem,andreviewsthestandardparallel-pre�xcircuits.Suchsolutionsinclude
linear-depthandquadratric-depthcircuits.

Thepre�x problemis asfollows. Oneis givenanassociative operator
�

with an identity value, � . Givensome
inputs ��� , ��� , ���	� , ��
��
� weneedto compute��� , ��� , ����� , ��
 as:
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where ��� is de�ned to betheidentity valuefor the
�

. (For example,if
�

is addition(andtheidentity for additionis
0), then �������

���
�

�! 

�

�

� .)
Sometimesonewantsspecialinitial and�nal values.Onecanformulatethepre�x problemashaving an initial

value " thatis passedto thecircuit. In thiscasewehave
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Thiscanbeviewedastheearliercasesimplyby renumberingthesubscriptssothatwehave

�('

�

�

)

" if *+�#, , and
�(�%�&� otherwise.

andthenperforminga parallelpre�x on the �

'

values.Similarly, onewould like to geta �nal outputvalue - from the
circuit which is de�ned to be

-��#"
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�
�

�

�
�
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�



�

Again, this canbeimplementedby theearliercaseby manipulatingsubscripts.We simplyextendthesubscriptrange
to /1032 andcompute- as ��
�4�� .
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Figure1: A linear-timepre�x circuit.

The naturalandeasything to do is to computethe ��� 's serially. First onecomputeseach � �%�&� andusethat to
compute� � as

�����

)

theidentityvalue if * �3, , and
�����
�

�

�����
� otherwise.

Figure1 shows a circuit that computesthe pre�x operationin linear time. Thusit is easyto seethat pre�x canbe
computedin time linearin / . It is surprisingto many peoplethatthepre�x problemcanbesolvedin time logarithmic
in / by usinga circuit structureknown asparallel pre�x. (Microprocessordesignersarefamiliar with thefastcarry-
lookaheadadditioncircuit to addtwo binarynumbersin log time. It turnsout that fastcarry-lookaheadis a special
casein theclassof parallelpre�x circuits.)

2 Log-Time Parallel Pre�x

Beforereviewing the constructionof parallel-pre�x circuits in general,we presentan example. Figure2 shows a
parallel-pre�x circuit that takeseight inputs, �

�
� �

�
���	��� �!��� , andcomputestheir pre�x sums �

�
� �

���
�

�! 

�

�

� . The
inputs �

� areprovidedat thebottomof thecircuit, andtheoutputs�
� comeout thebottom,with output �

� comingout
just to theleft of whereinput �

� goesin. Theidentity(zero)andthesumof all thevalues( ��� ) comeoutat thetop. The
critical-pathlengthof this circuit is logarithmicin thenumberof inputs.This circuit canbelayedout in VLSI using
anH-treelayout [6] with a resultingareaof about � �����%/�������� where � is thenumberof bits in theresult � 
 . The
resultingwire delayis about ��� � �!� .

Notethatonecanfurtheroptimizetheparallel-pre�xsumcircuit of Figure2. If weusearedundantrepresentation
(suchasthecarry-save adderasusedin Wallace-treemultipliers),with a single�nal sumat theend,we canperform
theentireparallel-pre�x sumin only ���#"%$'& /�� gatedelaysasopposedto ���(")$*&

�

/�� . Furthermore,oftenthewidth of
thedatavaluesis smallerat theinputsthanat theoutputs(for example,whentheinputs ��� to ansumareonly onebit
each,but theoutputit "%$'& / bits,a casewhich will comeup later in this paper),thenwe cancarefullysizetheALUs
so that they take just the right numberof bits asinputsandproducethe right numberof bits asoutputs,which will
save areaandpower. Oneimportantspecialcaseis whenthe �

� 's areone-biteach.Theproblemof summingone-bit
inputsis oftenreferredto astheenumerationproblem.(Priorart: See[1, Exercise29.2-8]for anexerciseonbuilding
“tallying circuits” whichhaveonly ���(")$*& /�� gatedelays.)

In general,a parallelpre�x circuit consistsof a treeasshown in Figure3. The �
� valuesareinputedat theleaves

of the tree(at thebottomof the �gure). Theresults��� arealsooutputedat the leaves,adjacentto thecorresponding
��� 's. The identity value � is inputedat the root of the tree(at the top of the �gure) andthe result ��+ of combining
all the ��� valuesis outputedat theroot of thetree.Thevaluesalongeachsignalwire have beenlabeled.(Thesignal
wiresmaybeseveralbitswide in orderto encodethenecessaryinformation.)We usethenotation, �(-

� to indicatethat
a particularwire carriesthevalue ���

�

��� 4��

�����	���

�

� . Thus

,��#-

�

�

�

. /
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�

/

�

(If 021 * then,(�(-

� is theidentityvalue.)Thecircuit computes

�

�

�3,
�4-

�

�&�
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Figure2: A parallel-pre�xsummationcircuit.

for ,
	30�	
� . Theverticesof thetreearecalledtree�x modules.(See[1] for a discussionof how to adaptthecircuit
of Figure3 to computethespecialcasesof - and " mentionedabove.)

Thetree�x moduleof Figure3 is shown in moredetailin Figure4. Eachtree�x modulehasthreeinputsandthree
outputs,arrangedin pairsof aninput andanoutput.Onepair connectsto thecircuit above,oneto thelower-left and
oneto thelower-right. Therearesomeintegers0 , � , and � , with 0 1�� 1�� , suchthatthedatacomingfrom above
will be ,�� -

�

�
� , thedatacomingfrom the lower-left will be ,

�

-

/

�&� andthedatacomingfrom the lower-right will be
,

/

- � �&� . The tree�x modulethenproduces,

�

- � �
� outputedto above, it produces,�� -

�

�
� outputedto lower-left and
produces,��4-

/

�&� outputedto lower-right. Thereadercancheckthatthesearein factthevaluescarriedon thewiresof
Figure3. Thecircuit to computethesevaluesis veryeasyto designsince

,

�

- � �
�
� ,

�

-

/

�
�

�

,

/

- � �&�
�

,�� -

�

�
� � ,�� -

�

�
� , and

,�� -

/

�
� � ,�� -

�

�
�

�

,

�

-

/

�
���

Althoughthetreein Figure3 hasabranchingfactorof two (thatis, it is abinarytree),all theparallel-pre�xcircuits
describedin thispapercanbeimplementedwith anarbitrarybranchingfactor. Thechoiceof anappropriatebranching
factordependson the parametersof a particulartechnology. For illustration, we will show all our circuits with a
branchingfactorof two.

3 SegmentedParallel Pre�x

We will alsoneedsegmentedparallel-pre�xcircuits.Thesegmented-pre�xproblemis verysimilar to thepre�x prob-
lem. A segmented-pre�xoperationconsistsof acollectionof separatepre�x operationsoveradjacentnon-overlapping
segmentsof the input �

� , �
� , �	��� , �


 �&� . The way this works is that in additionto providing inputs �
� , we provide

additional1-bit inputs �
� calledthesegmentbits. Thesegmentbits indicatewherea new segmentis aboutto begin.
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Figure3: A parallel-pre�xcircuit.
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Figure4: Thetree�x module.

Theoutputis

�����

�%�&�

.

�! 

/

�

���!�

where
�

�
����������,�� ������� � 1 *�! �

/

� 2#"�"��
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Figure5: A linear-timesegmentedpre�x circuit.

Thusif wehave
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A linear-timesegmentedparallel-pre�xcircuit is shown in Figure5. Thisis similarto thecircuit of Figure1 except
thatMUXeshavebeenaddedto handlethesegmentbits.

The segmentedparallel-pre�x circuit hasthe samestructureas the ordinaryparallel-pre�x tree,exceptthat we
modify thetree�x moduleto computeanadditionalsegmentationsignal �

�

-

/

�&� , whichis passedupthetree.Thevalue
�

�

-

/

�&� indicatesif any of thesegmentsbits �

�

���	��� � �

/

�
� areequalto one.Figure6 showsa segmentedparallel-pre�x
circuit with eight leaf nodes( / ��� ). Thetreeusestheslightly modi�ed tree�x moduleshown in Figure7. An OR-
gatewithin themodulecomputesthesegmentationsignalthatwill bepassedup. Two multiplexers(that is MUXes)
serve thepurposethatif thereis a segmentbit in acertainsubtree,novaluewill beaddedin from theleft subtree.

Note that a segmentedparallel-pre�x canbe viewed asa pre�x computationon valueswhich arepairs:
���

�����

where
�

is thevaluebeingoperatedon by theoriginal operator, and � is a segmentationbit. We have thefollowing
operator:

�����

���

�

�

�
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�
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)
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�	2�� if �

�
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�

� �

�!�

�

� otherwise.

Notethatthisoperatoris associative. To show thisweshow that
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Figure6: A segmentedparallel-pre�xcircuit.
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Figure7: A segmentedtree�x module.
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Thus,thesegmentationoperatoris associative,andour treeswitchcircuit canbeviewedasanordinaryparallel-pre�x
circuit with a certainassociativeoperator. (See[1, Exercise30-1].)

4 Variations on Pre�x Cir cuits

Often,thepre�x is modi�ed slightly from theformulaegivenabove.For example,aninclusivepre�x has
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. /

 

�

�

/

insteadof

�
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�%�&�

.
/
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An inclusivesegmentedpre�x has
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.

�! 

/

�

4��

�
�
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insteadof

�����

�%�&�

.

�! 

/

�

���!�

Sometimesit is usefulto havea backwardspre�x operation.An exclusivebackwardspre�x operationis

�����

�

�
�

.
/

 

� 4��

�

/

�

Similarly, aninclusiveversioncanbemadewith andwithoutsegmentation.
Thepractitionermustbecarefulto getthe“fencepost”conditionsright whenimplementatingthesecircuits. That

is, thelowerandupperboundsto thesummationindex mustbethoughtthroughcarefullyto avoid designed-inerrors
in thecircuits.

Note:Sometimespre�x circuitsarecalled“scanchains”(See,e.g.,[3, 8].)

5 Cyclic SegmentedParallel Pre�x

If weareguaranteedthatatall timessomesegmentbit is equalto one,thenwecande�ne thecyclic segmentedpre�x
problem.Thisproblemis thesameasthesegmentedpre�x, exceptthatwewantthevaluesto “wrap around”.We can
de�ne thisby usingmoduloarithmeticfor theindicesof � and � . We let

�
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���
�
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�
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Figure8: A linear-timecyclic segmentedpre�x circuit.
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��������� � any integer ! � 1 * and � �
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� 2#"��

and
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/ ������� � ��� , !��%*	� � � is a multipleof n."

Thus � 	 ��$

�

2�, � � . Notethat ��� maybenegative.
Returningto ourpreviousexample,if theinput to acyclic parallelpre�x is
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A linear-timecyclic segmentedpre�x circuit is shown in Figure8. This is similar to thelinear-timepre�x circuits
of Figure5 exceptthecircuit is wrappedaroundto bea ring.

A cyclic segmentedparallel-pre�x circuit canbe implementedby startingwith a segmentedparallelpre�x tree,
andmodifying it asfollows: connecttheoutputat theroot of thetreeto theinput at theroot,discardingthesegment
bit. Figure9 shows a cyclic segmentedparallelpre�x circuit. Theindividual tree�x modulesarethesameasfor the
segmentedacyclic circuit in Figure7. Theonly differencefrom theacyclic segmentedcircuit is theroot of the tree.
Thetree�x moduleat therootof theacyclic treeis removed,andtheoutputsof thetwo subtreesaresimplyconnected
together(the input of the left subtreeconnectedto theoutputof the right subtree,andthe input of the right subtree
connectedto theoutputof theleft subtree,andthesegmentsummariescomingoutof eachsubtreeignored..)Notethat
thetreeproducessomevalueevenif noneof thesegmentbitsareequalto one(thereis no cycle in thecombinational
logic), but thevalueproducedis not theindicatedby theformulaabove.

Figure10showsacyclic segmentedparallel-pre�xcircuit layedout in anH-treelayout.Thesubtreethatwouldbe
drawn on theleft in Figure9 is at thetopof Figure10,andtheright treeis at thebottomof Figure10. Theroot node
of thetreehasbeenoptimizedto take advantageof thefactthatat leastoneof thesegmentbitsmustbesetto one.
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Figure9: CSPP.
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Figure10: H-TreeLayoutof CSPP.
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6 Variations of CSPP

Justasfor ordinarypre�x circuitsonecanhave inclusive and/orbackwardspre�x operations,socanoneimplement
inclusiveand/orbackwardspre�x operationswith cyclic segmentedparallel-pre�xcircuits.

It is clearthattherearemany alternativesfor building pre�x circuits.Onecanbuild a linear-timepre�x chain,one
canbuild a separatetreeto computeeachoutput,possiblysharingsomecommonsubexpressions,or onecanbuild a
singlebidirectionaltreeasdescribedhere. Onecanvary the degreeof the tree,so that insteadof eachnodehaving
two children,eachnodecouldhave threeor morechildren. Onecouldvary the timing methodology. For example,
in a self-timedsystemdatatravelling alongthe tree links would carry its own clocking information. Or onecould
build a globally clockedsystem.Othertiming schemeswould work aswell. Onecouldvary the technologysothat
thecircuitsareimplementedin CMOSor Bi-CMOS or otherlogic families,andthecommunicationslinks couldbe
implementedwith traceson circuit boards,or twistedpair cables,or coaxialcables,or �ber optic cables,or other
technologies.Onecouldusestandardcircuit optimizationtechniquesto improvethespeedof thecircuit. For example,
in sometechnologies,NAND gatesarefasterthanany othergates.In suchtechnologies,thecircuitsusingAND and
ORgatescouldbetransformedinto circuitsusingonly NAND gates.Anotherexamplewill discussedin Section7 and
is shown in Figure13, which shows a cyclic segmentedparallel-pre�x of theAND function. In thatcase,theMUX
hasbeensimpli�ed to anORgate.

7 Examplesof CSPP

Thissectiondescribesanumberof CSPPcircuitsthatwe�nd usefulin processordesign.At block-level,all theCSPP
circuitsthatweareaboutto describeareidenticalto eachother. For example,Figure9 showeda CSPPcircuit with 8
leafnodes( / � � ). ThedifferentCSPPcircuitsonly differ in their implementationof tree�x modules.In thissection,
wewill describeseveralusefulCSPPcircuitsin termsof their functionandtheir tree�x moduleimplementation.

The �rst exampleis the “oldest” CSPPcircuit. The “oldest” CSPPcircuit passesto eachleaf nodein theCSPP
treethe input valueof theoldestnodein its segment.This circuit canbeusedto to passdatabetweenproducerand
consumerinstructionsin awrap-aroundinstructionwindow, for example.The“oldest” CSPPcircuit usestheoperator

�

�

� �

� . Figure11shows thecircuity insideeachtree�x modulefor the“oldest” CSPPcircuit.
Anothervery usefultypeof a CSPPcircuit is the conjunctionCSPPcircuit. TheconjunctionCSPPcircuit tells

eachleaf nodein the CSPPtreewhetherall precedingleaf nodeswithin its segmenthave met a certaincondition.
For example,a conjunctionCSPPcircuit cantell eachinstructionwithin aninstructionwindow whetherall preceding
instructionshave computed.The conjunctionCSPPcircuit usesthe operator�

�

�1�

���

� . Figure12 shows the
circuity inside eachtree�x modulefor the conjunctionCSPPcircuit. The circuit shown takes a � -bit input, and
performsbitwise logical AND operationson thoseinputs. This canbe viewed asperforming � independentAND
operationsusinga single,shared,segmentbit. Of course,thecircuitry within eachtree�x modulecanbeoptimized.
For example,Figure13showsanoptimized,8-leaf-nodeconjunctionCSPPwith inputandoutputwidth of 1 ( � � 2 ).

ThedisjunctionCSPPcircuit indicateswhetherany previousnodewithin thesegmenthasmetacertaincondition.
This canbe implementedby invertingthe �
� inputsandthe ��� outputsfor theconjunctionCSPPcircuit, or it canbe
implementeddirectly. Figure14 shows theunoptimizedtree�x modulefor a disjunctionCSPPcircuit. Of coursethis
modulecanalsobeoptimizedfrom

�

�

�

� �$� � � �

)

���

� if �

� otherwise,

to
�

�

�

� �$� � � � �

�

�

���

��� �

A third importanttypeof a CSPPcircuit is thesummationCSPPcircuit. ThesummationCSPPcircuit tells each
leaf nodethe sum of the precedingleaf nodes' inputs within its segment. A summationCSPPcan be used,for
example,to sumup thenumberof requestsfor a resource.A straightforwardimplementationof a summationCSPP
usesa lookaheadadderfor each

�

operator. A moreef�cient implementationcanbe achievedby usingcarry-save
adders.Figure15showsonepossibleimplementationof thetree�x modulefor asummationCSPPcircuit. ThisCSPP
circuit representseachsumby two partialsumsthataddup to thesum. For each

�

, themoduleusestwo cascaded
carry-save adders(CSA) that reducefour partial sumsto two partial sums. EachCSA takesthree / bit inputsand
producestwo / 0#2 bit outputs.As partialsumspropagateup thetree,they increasein sizeby onebit at eachtree�x
module. (In somesituations,it is known that theoutputrequiresat most / bits to represent,in which casethehigh
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Figure11: An “Oldest” Tree�x Module.
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Figure12: A ConjunctionTree�x Module.
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Figure13: An optimizedConjunctionCSPP.

orderbitscanberemovedfrom thecircuit. An exampleof sucha situationis addingtogether32-bit numbersto geta
32-bitsumfor anaddresscalculation.)

The advantageof usingCSA circuitry is that the entiresummationof / numbersto producea � -bit resultcan
be performedwith critical-pathdelay

�

�(")$*& / 0 ")$*& ��� insteadof
�

�(")$*& /

�

")$*& ��� for addersusinga nonredundant
representation.
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