
Communications-Ef�cient MultithreadingonWide-AreaNetworks
MichaelS.BernsteinandBradley C. Kuszmaul
YaleUniversityDepartmentof ComputerScience

bradley@cs.yale.edu

Abstract

This papershows how to run multithreadedprogramson a DRAM (DistributedRandomAccessMemory)
parallel computerand demonstratesthat suchprogramscan run ef�ciently on a collection of machines
distributedacrossthousandsof milesovertheinternet.Supposewehaveafully strictmultithreadedprogram
haswork

���

andcritical-pathlength
���

, andwehavea � processorDRAM machinewith � anupperbound
to thecostof routingany permutation.This paperpresentsa deterministicconservative DRAM scheduling
algorithmthatrunsin time �	�
���
�������������

� ���

���

� �

�
� andarandomizedconservative DRAM scheduling
algorithmthatrunsin time

� ���

�����	�
����������� ���

� �

� . We have modi�ed theCilk multithreadedruntime
systemto useour randomizedconservative DRAM scheduler. Surprisinglythe modi�ed system,called
TreeCilk, often achieves a performanceimprovementwhen one 2000-mile-away machineis addedto a
tightly-boundclusterof machines.
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1 Intr oduction

Cilk is a multithreadedlanguagefor parallelprogrammingthatgeneralizesthesemanticsof C by introduc-
ing linguistic constructsfor parallelcontrol. Versionsof Cilk previously releasedby MIT usea provably
ef�cient, randomized,work-stealingschedulersuitablefor machineswith plentyof bandwidth,suchassu-
percomputersandcontemporarysymetricmultiprocessors(SMP's) [BJK � 96, FRL]. It consumessubtantial
bandwidth,sincewhenrunningthatalgorithm,virtually everyprocessorin themachinecansendamessage
to arandomlychosenotherprocessorfrequently. Thispapershowshow to runamultithreadedscheduleron
networkswith limited bandwidth.

To understandwhy we needa new schedulingalgorithmfor limited bandwidthmachineslet us �rst
examinethe algorithmusedby Cilk on a high-bandwidthmachine,and then considerwhat happenson
machineswith limited bandwidth.High-bandwidthCilk usesarandomizedwork-stealingstrategy, in which
anidle processorsendsamessageto randomlychosenprocessorto try to �nd work to steal.Eachprocessor
hasits own pool of threadsto work on. If a processor's pool becomesempty, it tries to �nd a threadin
anotherprocessorthat it cansteal. It searchesfor sucha threadby choosinganotherprocessorat random.
The�rst processoris known asa thief, andthesecondprocessoris known asa victim. Thethief sendsthe
victim a message.If the victim hasany extra threadsin its threadpool, it repliesby sendingoneof the
threadsbackto thethief, which startsworking on thethread.Otherwise,if thevictim hasno extra threads,
thenit sendsbacka messageindicatingthat the attemptto stealhasfailed,at which point the thief picks
anothervictim at randomand tries again. This algorithmis both provably goodanddemonstratesgood
performanceempirically[BJK � 96].

Considerwhathappensif weuserandomizedwork stealingon theinternet,anetwork with very limited
bandwidthcomparedtoasupercomputer. Letussupposethatweareusingamillion processorsspreadacross
theinternet.A problemoccurswhenthereareonly a few processorswhich have work to do. This actually
occursregularly in someCilk programs1 In fact,thosefew workingprocessorsneedto communicatewith
eachotherin orderto getpastanearlyserialpartof thesearchsothatmoreparallelismcanbefoundagain.
If oneof theprocessorshappensto beonthewestcoastandonehappensto beontheeastcoast,andthereare
amillion idle processors,thentheinternetbackbonewouldbe�ooded with steal/fail messagepairscrossing
the Mississippiriver. The programhastroublegetting its work done,becausethe two active processors
cannotcommunicatewith eachotheref�ciently. Furthermorethe internet's performancefor otherusers
might collapseunderthe resultingtraf�c. The internetauthoritiesmight be within their rights to kick us
off.2

To �rst order, we will acceptthenetwork beingcompletelycloggedup if our programis gettingsome
usefulwork done. Given the grab-all-the-bandwidth-you-can natureof the currentinternet,we will not
try to solve the problemfacedby the internetauthorities,except to try to make surewe actuallyusethe
bandwidthto dosomethinguseful.Herewe focusonusingbandwidthproductively, ratheron theproblems
of governingtheinternet.

In thispaperweshow how to achievealgorithmicwork-schedulingwhileusingthenetwork asef�ciently
aspossible. The internetis quite dif�cult to understand,so we attackthis problemfor dynamicrandom
accessmemory(DRAM) machines[LM88]. In aDRAM, communicationsperformancecanbepredictedby
cuttingthenetwork andmeasuringthecut. Onemeasuresthebandwidthprovidedby thenetwork acrossthe
cut,andtheamountof informationthatmustbesentacrossthatcut. Theratioof informationto bandwidthis
theloadof thecut. Eachsuchloadis alower-boundto theamountof timeit will taketo runtheprogram.The
key to a DRAM is thattheworst-casecut (theonewith thehighestload)actuallypredictstheperformance
of thecommunicationsoperation.

1Forexample,the � Socratesmassively parallelchessprogramgetsinto thissituation[JK97],andtheCilk knary multithreading
benchmarkbothcontaininto “mostly serial”portionsof thecode.

2For adiscussionof techniquesto avoid swampinghigh-bandwidthnetworkswith work-stealingrequests,see[Kus94].
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In thecontext of aDRAM machine,ourgoalis to designa conservativeDRAM work-schedulingalgo-
rithm. A conservativeDRAM algorithmis onewhichinducesaloadonthenetwork notmuchgreaterthanis
absolutelynecessary. It is clearwhatis meantby the“absolutelynecessaryload” for thefor theconservative
DRAM algorithmspresentedin [LM88]. But whatdowemeanby “the absolutelynecessary”loadfor work
stealing?Thethievesandvictimsarechangingconstantly. At oneinstantin time, theonly availablethieves
maybefarawayfrom theonly availablevictims. Perhapsif wewait a little while, therewill besomethieves
andvictims nearereachothersowe won't have to useasmuchbandwidthfor themto communicate.We
de�ne thisproblemawayby consideringasnapshotatsomemomentin time. In thissituationtheprocessors
areeitherthieves,or they arebusy, andif they arebusythey mayhavework availableto steal.Now wewish
to matchup the thievesandthe victims in suchway to allow us to prove a goodperformanceboundand
withoutusingtoomuchbandwidth.

Theunderlyinggoalof Cilk' srandomizedwork-stealingis to matchupvictim andthief processors.This
kind of matchingproblemis known astherendezvousproblem.3 In therendezvousproblemtherearetwo
setsof processorsvictims,andthieves,Thegoal is to �nd a maximalbipartitedegree-onegraphbeteenthe
victimsandthethieves.Thatis,wewishto giveeverythief thenameof atmostonevictim sothatnovictim
is namedby morethanonethief. Also, we wanteitherall thethievesto receive a name,or all thevictims
to be named,(or both if therearethe samenumberof thievesandvictims.) A rendezvousalgorithmcan
beusedto implementa work-stealingscheduler, asfollows. Runtherendezvousalgorithm,andthenevery
thief thatreceiveda victim's namestealsfrom thatvictim.

Ourstrategy is to superimposea treedatastructureontothenetwork, sothatwecanperformoperations
suchasreductionandpre�x summation.Internalnodesof the treeareimplementedby processorsat the
leavesof thetree.Weplacetheinternalnodesof thetreeto try to maximizetheability to communicatewith
processorsbelow it in thetree.A left-to-rightnumberingschemeidenti�es theprocessors.(SeeFigure1 for
anexampletree.)

In thispaperwedescribeandanalyzefour rendezvousalgorithms.The�rst, Algorithm DPR, is adeter-
ministicalgorithmthatusesparallelpre�x, andis basedonChristman's rendezvousalgorithm[Chr83]. The
second,Algorithm RPRis arandomizedrendezvousalgorithmthatachievestightertheoreticalbounds.The
third andfourth algorithmsareconservative DRAM algorithms.Thethird, Algorithm DDR is a determin-
istic DRAM rendezvous.Thefourth,Algorithm RDRis a randomizedDRAM rendezvous.Our boundsfor
theconservative DRAM algorithmsarethesameastheparallelpre�x rendezvousalgorithms,but we argue
boththeoreticallyandempiricallythattheconservative DRAM have signi�cantly betterpreformance.

We have implementedAlgorithm DDRfor theCilk multithreadedprogrammingsystem.(As of writing
this paperwe have not implementedAlgorithm RDR, but we hopeto have it runningin time for the �nal
paper. Therequiredchangesto our Cilk implementationappearto bestraightforward.) Figure1 shows an
exampleof 25 processorsspreadacrosstheUSA, andalongeachedgeof thetree,it shows thebandwidth
used(in bytespersecond.)Theaccountingof bandwidthworksasfollows. Whenamessageis sentdirectly
fromoneprocessortoanother, werecordthatbandwidthisconsumedalongeveryedgeof thetree.Werecord
it this way, even though,for example,messagesfrom Clevelandto Cambridgetake a shortcutandnever
actuallyentertheMoffett Field cluster(wheretheroot of the treeis situated.)This methodof accounting
shows more bandwidthbeingusedalong somelinks thanare actuallynecessary. Leisersonand Maggs
showed[LM88] thatsuchashortcutdoesnotchangeaconservativeDRAM algorithmintoanonconservative
algorithm,however.

Theremainderof this paperis organizedasfollows: Section2 explainsandanalyzestheparallelpre-
�x rendezvous algorithms(Algorithms DPR andRPR.) Section3 presentsandanalyzesour conservative
DRAM rendezvousalgorithms(AlgorithmsDDR andRDR.) Section4 providesanempiricalperformance

3Theearliestversionof therendezvousalgorithmthatweknow of wasdescribedby Christman[Chr83] in thecontext of parallel
memoryallocation.
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analysisof the TreeCilk systemusingAlgorithm DDR. Section5 concludeswith a discussionof the un-
solvedproblemsof wide-areaCilk.

2 Parallel-Pre�x Rendezvous

This sectionshows how to implementa rendezvouswithout concernfor network load inducedby the al-
gorithm. Thealgorithmspresentedin this sectiondo not try to producea local matching,andthey areuse
substantialbandwidthwhile computingthematching.We shall describeandanalyzetwo algorithms:Al-
gorithmDPR(which standsfor “DeterministicPre�x Rendezvous”) andAlgorithm RPR(which standsfor
“RandomizedPre�x Rendezvous”.) In thenext sectionweshalldescribealgorithmsthataremoreparsimo-
niouswith thenetwork bandwidth.

Thepre�x rendezvousalgorithmspresentedhereusea parallelpre�x enumerationprimitive. Theenu-
merationproblemis as follows: Given a machinein which a subset

�

of the processorshave a certain
property, give eachsuchprocessora uniquenumberbetween0 (inclusive) and �

�

� (exclusive.) Enumer-
ation can be implementedin logarithmic time using a parallel-pre�x operation,even on machineswith
relatively little bandwidth.For moredetailsonhow to implementparallelpre�x andhow it canbeused,see
[CLR90,Ble90].
Algorithm DPR(Deterministic Pre�x Rendezvous):4

1. Enumeratethethieves.

2. Enumeratethevictims.

3. The � th victim sendsa messageto Processor� , andthe � th thief sendsa messageto Processor� (both
messagescontainthe identity of their sender). Processor� is called the rendezvous processorfor
Victim � andThief � .

4. Therendezvousprocessorthensendsamessageto thethief thatcontainsthevictim's identity.

5. Whenathief recievesamessagefrom therendezvousprocessor, it knowstheidentityof avictim from
which it shouldsteal.

Algorithm DPR's performanceat multithreadedcomputationscanbeanalyzedasfollows. See[BL94]
for a completetechnicalde�nition of thetermfully strict multithreadedcomputation, andtheperformance
measurescritical-pathlengthandwork. Informally, a fully strictmultithreadedcomputationis well-formed.
Thework is thetime it takesoneprocessorto executethecomputation.Thecritical-pathlengthis thetime
it would take anin�nite-processormachineto executetheprogramwith no schedulingor communications
consts.

De�nition 1 Thevalue � is the worst-casecostof routing a permuationon the parallel computerbeing
used.

Theorem 2 Considertheexecutionof any fully strict multithreadedcomputationwith critical-path length
�

�

andwork
�

�

usingthe(nonrandomized)pre�x rendezvous.Therunningtimeon � processors, including
schedulingoverhead,is

�����

� �
��� � ����� �����

�
���

� �

�
�

� .

Proof: Everysuccessfulstealcanbeamortizedagainsteitherwork or thecritical-pathlengthin themanner
of Brent's theorem[Bre74]. Theoverheadof astealis � ��� � � ������� sincetheenumerationscosttime � �����

4Algorithm DPRis dueto Christman[Chr83].
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andthedatathat is sentfor therendezvousconsistsof threesubpermutations,eachof which costsno more
than � time.

Algorithm DPRcanbe improved by modifying it so that every victim hasan equalchanceof being
stolen. (If therearemorethievesthanvictims, thenthereis no trouble,but if therearemorevictims than
thieves,wewantto make surethey all getachance.)
Algorithm RPR(RandomizedPre�x Rendezvous):

1. Choosea randomnumber� andbroadcastit to all theprocessors.

2. Enumeratethethieves,andalsobroadcastthetotalcountof thethieves,
�

.

3. Enumeratethevictims,andalsobroadcastthetotalcountof thevictims � .

4. Renumberthevictimsby addingtheir � to enumerationindex (modulo � .)

5. The � th victim (usingthenew enumerationindex) sendsa messageto Processor� , but only if ���

�

.
The � th thief sendsamessageto Processor� . (bothmessagescontaintheidentityof theirsender).

6. Therendezvousprocessorthensendsamessageto thethief thatcontainsthevictim's identity.

7. Whenathief recievesamessagefrom therendezvousprocessor, it knowstheidentityof avictim from
which it shouldsteal.

Thus,eachvictim hasanequalchanceof beingmatchedwith a thief. In this algorithmtheprobabilitiesof
adjacentvictims beingstolenarenot independent,but that independenceis not neededfor theCilk results
to go throughif thereis enoughbandwidth.

Theorem 3 Considertheexecutionof any fully strict multithreadedcomputationwith critical-path length
�

�

and work
�

�

using the randomizedpre�x rendezvous.Theexpectedrunning time on � processors,
including schedulingoverhead,is

�
�

� ���
�

� � �	�
����� � ��� ���

���

� . Moreover, for any ����� , with
probabilityat least 	�
�� , theexecutiontimeis

� � � �
���

� ��� �
��� � ����� �����

�
�

����� ��	

�

� �
�
� .

Proof: The proofsof Blumofe andLeiserson[Blu95, BL94] work with somesimpli�cations andminor
modi�cations. In thoseproofs,an accountingschemeis usedwhereprocessortime is accountedfor by
puttinga dollar in oneof threebucketson every time unit. The �rst bucket, thework bucket getsa dollar
whenever a processoris actuallyworking. The secondbucket, the stealbucket getsa dollar every time
a processorinitiatesa steal. The third bucket, the waiting bucket, getsa dollar for every time unit that a
processoris waitingfor aresponseto astealrequest.Oneverytimeunit � dollarsaredistributedamongthe
3 buckets,sinceevery processoris eitherworking, stealing,or waiting. As with BlumofeandLeiserson's
proof, thework bucket endsup with exactly

�
�

dollars. Thestealbucket will have anexpected� � �

�
�

�

dollarsin it, sinceon every globalrendezvous,we have a goodchanceof stealingthecritical threads.The
wait bucket hasanexpected� � �

�
�

� ����� � � � �
� sinceeachrendezvoustakestime � � � ����� � � � : It takes
time � � ����� ��� to performtheenumerates,andit takestime � ��� � to sendthemessages,sincethey areall
subpermutations.

Thusthe randomizedpre�x-rendezvous algorithmhaslarge costsassociatedwith critical-pathlength,
but the costsassociatedwith the work aresmall, which is an improvementover the deterministicpre�x-
rendezvousalgorithm.

Thereareseveralproblemswith thepre�x-rendezvousalgorithms:
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� Thesealgorithmsdo not eventry to producea matchingthatpreserveslocality. It maybepossibleto
�nd a matchingthat incursno stealingacrosstheroot of tree,but thesealgorithmsmake no effort to
�nd suchamatching.

� Even if the matchinghappensto have a high degreeof locality, the pre�x rendezvous algorithms
themselvesuseagreatdealof bandwidthto �nd thematching.In particular, sendingdatato andfrom
the rendezvousprocessorsmay incur muchhigherloadsthanthe matchingitself incurs. (This can
happen,for example,if all the victims andthe thievesarein the rightmostpart of the tree,but the
rendezvousprocessorsarealwaysat theleftmostpartof thetree.)

Onbandwidth-limitednetworks,Algorithm RPRhasabig advantageover randomizedwork stealing,in
that theslowdownsarelimited by thecost, � , of routinga worst-casepermutation.Beyondthesmall load
inducedby computingtheenumerations,every messagesentis associatedwith actuallygettingsomework
stolen.In therandomizedwork-stealingalgorithm,messagescansaturatethenetwork with no usefulwork
gettingdone. For networks with plenty of bandwidth,however, randomizedwork-stealingis muchfaster
thantherandomizedpre�x-rendezvousalgorithm.

3 ConservativeRendezvous

We have now explainedandanalyzedtwo pre�x-rendezvousschedulersthatdo not take careto minimize
network load. This sectionshows a conservative DRAM algorithmfor rendezvous,which givesqualita-
tively betterperformancefor the rendezvous. We have not beenableto relatethis improved rendezvous
performanceto an improvementon our boundsfor work-scheduling,sinceasfar aswe know, in theworst
case,it may actually requiretime � to matchthieveswith victims. Empirically, we have found that the
bandwidthusedby our conservative rendezvousalgorithmis substantiallylessthanthatusedby thestan-
dardrendezvousalgorithms,however. Firstwewill morecarefullyde�ne thegoalswearetrying to achieve,
andthenwe will presentandanalyzetwo conservative DRAM algorithms,onedeterministicandoneran-
domized,which have thesameboundsrespectively asthedeterministicandrandomizedpre�x-rendezvous
algorithms.

As statedearlier, wesuperimposeatreeontothenetwork. Wedesignatetheinternalverticesasswitches
andtheleavesaredesignatedprocessors. Whenthey do not needto bedistinguished,switchesandproces-
sorsarecallednodes. A switchmayhave anarbitrarynumberof children.All computationalwork is done
by processors,andthe schedulingwork is distributedamongthe switches.Processorsin the treearein a
one-to-onecorrespondencewith thephysicalprocessorsinvolvedin theDRAM. Switchesarevirtualobjects
whosefunctionis ful�lled by oneof thephysicalprocessorsin thesubtreerootedin theswitch. Thecom-
putationalrequirementsof schedulingaresmallcomparedto therequirementsof theactualcomputation,so
theselectionof thehostprocessoris somewhatarbitrary.

Thenotionof ownership is the foundationof Algorithm DDR. Eachthief andeachvictim is logically
ownedby a node. Whena processorbecomesa thief or a victim, it createsa logical ownership,which it
cantransferto its parent.Switchestransferownershipof thievesandvictims upwardsuntil a switchowns
botha setof thievesanda setof victims; this switch is calledthematching switch. Thematchingswitch
arrangesa match betweenthe thievesandvictims, which signi�es that eachmemberof the thief setwill
stealfrom oneof themembersof thevictim set.Thematchingswitchdoesnotactuallymaketheone-to-one
mapping;onceamatchis made,theswitchesin thesubtreebeneaththematchingswitchareresponsiblefor
constructingmappings,splittingtheblockof thiefandvictim ownershipsintosmallerblocksanddistributing
thoseblocksto their children. Matchmessagesaresentonly down subtreeswhich includethieves; since
thievesstealfrom victims, the matchmessagesareultimatelydestinedfor thief processors.Whena thief
processorreceivesasinglematchpaircontainingits own ownershipandtheownershipof avictim, it steals
from thatvictim andthendestroys thepairof ownerships,sincethethief is no longera thief andthevictim
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is no longera victim. If the thief becomesidle onceagain,or the victim hasmorestealablework, they
re-createownershiprightsandtheprocessbeginsanew.

Algorithm DDR maintainslocality by performingmatchesin subtreesbeforeperformingmatchesbe-
tweensubtree.A switch

�

performsall possiblematchesbetweenthievesandvictims in thesubtreewhose
root is

�

, andthensendstheresidueup to its parent.This processassuresthatmatchesbetweenrelatively
local processorsaremadebeforematchesbetweenrelatively remoteprocessors,assumingthat the treeis
designedsothatsubtreescorrectlyre�ect locality. Theideaof organizingprocessorsinto a treeis not new;
Keith Randall's distributedCilk effectively usesa treeof heightonewith oneswitchand � leaveswhere

� is the numberof processors.The differenceis that Algorithm DR doesthe matchingconservatively,
assuringthatall intra-subtreematchesaremadebeforeinter-subtreematchesareattempted.

TohelpexplainAlgorithmDDR, wehaveillustratedseveralstages.Theinitial stateof ahypotheticaltree
is illustratedin Figure2. Switchesarerepresentedby rectanglesandnamedwith Greekletters.Processors
arerepresentedby roundedrectangles;thief processorsaredenoted

���

, while victim processorsaredenoted
�

�

. Thenotation
�

�

������� � signi�es thatthenodeowns � thievesand � victims. (Theletter
�

standsfor
“Mine.”) Thus,thethief processorsown onethief eachandthevictim processorsown onevictim each.

3.1 Indir ectOwnership Passing

Thegoalof makingwork schedulinga conservative algorithmrequiresthat theschedulingalgorithmpass
nomoreinformationthannecessarybetweennodes,particularlyif thatinformationis of variablesize.This
rulesoutanimplementationwhichpassestheownershiprightsof thievesandvictimsby name,becausethe
sizeof themessagescontainingthoserightswouldgrow linearly in thenumberof ownershipsbeingpassed.
In the worst case,the sizeof a messagecould be proportionalto the total numberof thievesor the total
numberof victims in thetree. This is not a problemfor small trees,anda schedulerusinga name-passing
schememightevenbebetterfor smalltrees,but it hasbadasymptoticbehavior.

To make thepassingof ownershipa constant-sizemessage,we passownershipsanonymously. Whena
nodeowns

�

thieves,thatownershipconsistsonly in thenode's thief ownershipcountbeingsetto
�

. To
passownership,a nodecreatesa messagewhich signi�es thetransferof � thieves,sendsthemessage,and
subtracts� from its thief ownershipcount. Whena nodereceivesa transfermessage,it addsthe transfer
countto its ownershipcount.Thesameprocessis usedto transfervictims. Thetransfermessageis therefore
aconstant-sizemessage.Thiscoversthemessageswhichtravel up from theprocessorsto theroot,carrying
ownershipsuntil a matchis made.Figure3 illustratesthetreeafterall ownershipshave beentransferredto
therootswitch 	 .

Matchmessages,which travel downward from thematchingswitchto thethief processors,aresimilar
to transfermessagesexceptthat they includea match pointer. Matchmessagesareultimatelydestinedfor
thief processors,andthosethievescannotstealwithout the addressof a victim processor. Nevertheless,
we establishedthatthematchingmessagemustnot includea full list of victim processors,sincethis could
conceivably includeall thevictim processorsin thetree.To solve thisdilemma,weintroducetheconceptof
a match pointer, which is eitherthenameof a victim processoror a pointerto a switchwhich canprovide
a setof matchpointers.Whena switchor a processorrequiresactualvictim names,it “dereferences”the
matchpointerby sendinga match queryto thereferencednode,which respondswith eithera setof victim
processornamesor a setof matchpointers.Thisallows usto passnamesonly whenrequired,whichkeeps
the algorithmconservative. Note that a matchmessagealwaystransfersthe samenumberof thievesand
victims; this is logical,sinceit wouldbeimpossibleto matchunequalnumbersof thievesandvictims.
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3.2 Reservations

We introducetheconceptof a reservationto make matchquerieswork properly. Thereis a problemwith
the systemdescribedabove: whena switch is asked to deferencea matchpointer, it is not clearhow the
switchcanavoid returningthesamevictim processorsto multiplequeriers.To handlethis problem,we use
a systemof reservations. Whena nodetransfersownershipof victims to its parent,it keepstrackof how
many ownershipswerepassedasa reservation. Thenodeno longerownsthoseprocessors,but it still must
reserve themuntil theownerclaimsthem.Thestateof thetreewith reservationcountsis shown in Figure4.
Thenotation“R=(t,v)” indicatesthatthenodeis reserving� thievesand � victims. Notethatthesumof the
“mine” andthe“reserved” pairsfor agivennodeis thecountof thievesandvictimswhichthenodehasbeen
informedof.

Thief reservationsareredeemedwhena parentsendsa matchmessageto its child. Sinceit is thief
processorswhich ultimatelysteal,the matchmessagesfor a given setof matchescascadedown the thief
subtreeto the thief processorsnamedin the set. Match messagestransferownershipof both thievesand
victims; theownedvictims arein anadjacentsubtree,but sincea node � originally transferredownership
of � thieves to its parent,it must eventually receive a matchmessagefor � thieves, redeemingits own
reservation. Uponreceiptof thematchmessage,theownershiprightsof � thievesaretransferredfrom the
reservedpool to the“mine” pool,and � thenproceedsto setupmatchesasdescribedbelow.

Victim reservationsareredeemedby matchqueries.Whenthematchingswitchsendsamatchmessage
to a switch,it sendstherightsto a numberof thievesandvictims,asdescribedabove; it alsosendsa setof
match pairs. A matchpair consistsof a matchpointeranda victim count;togetherthey describetheright
to a reservation of a givensizeon thenamednode.A thief switchholdinga matchpair cansenda match
queryto the nodenamedby the matchpair. A node � receiving a matchqueryredeemsthe reservation
by returninga setof matchpairswhosematchpointerspoint to a subsetof � 's childrenandwhosevictim
countssumto thevictim countin theoriginalreservation. In otherwords,� swapsamatchpaironitself for
a setof matchpairson its children. � thendecrementsits reservationcountandadjustsinformationabout
its childrensothatit doesnotallocatethesamevictim processorto two queriers.

To continueourexample,weshow thestateof thetreeaftertherootswitch 	 hassentamatchmessage
for two thievesandtwo victims to � andwhile � is in themidstof querying � in Figure5. Switch 	 has
decrementedits thief andvictim ownershipcountsby two, sinceit transferredownershipto � via a match
message,alongwith a matchpair for two victims from � . Switch � hasdecidedto redeemthis reservation,
so it hassenta matchqueryto � , which hasrespondedwith two matchpairsnamingits two children, � 	

and ��� . Noticethatthesumof thevictim countsin � 's responseis equalto thevictim countin � 's query,
andthat � hasdecrementedits reservation count,sinceit no longerholdsthe reservationson its children.
Once� receivestheresponse,it holdsthereservationson � 	 and ��� .

3.3 The Knife Algorithm

TheKnife algorithmis usedto actuallymatchupvictimsandthieves.Whenaswitchpreparesto sendmatch
messagesto its children,it mustmake surethat thematchmessagestransferequalnumbersof thievesand
victims. To minimizecommunicationcosts,a switchshouldsendonly onematchmessageto a givenchild
for a givenmatchingcycle. To satisfythesegoals,we usetheKnife algorithm.It executesona nodein the
thief subtreewhich ownsa numberof thievesandvictims andholdsa setof matchpairs. Thealgorithm,
runningonanode� , is thefollowing:

1. Attempt to �nd a subsetof � 's ownedmatchpairs,the sumof whosesizesis exactly equalto the
numberof thievesin oneof � 's children � .

2. If this fails, it fails becauseoneof the matchpairs is too large. Senda matchqueryto the switch
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namedby theoverly largematchpair to exchangeit for asetof smallermatchpairs.

3. If the Step1 attemptsucceeds,composea matchmessagecontaininga transferof thief andvictim
ownershiprightsandthesubsetof matchpairsandsendit to � .

Thisalgorithmis repeateduntil we �nish matchingall thethievesandvictims.
An exampleof a simpleexecutionof theKnife algorithmis illustratedin Figure5. Switch � is unable

to sendany matchmessagesbeforeit queries� becauseit holdsa matchpairof size2, whereasits children
areall thievesof size1. Switch � needsamatchpairof size1. To obtainsuchamatchpair, it sendsamatch
queryto � . If, hypothetically, � returnedamatchpairof size2, � wouldthenqueryonthatpair; it continues
thisprocessinto it obtainsamatchpairof thecorrectsize.Thequeryingswitchessentiallyattemptsto “cut”
off a sliceof the treeof thecorrectsize,andcontinues“cutting” until it succeeds.For a balancedtree,no
morethan ����� � queriesarenecessarywhere� is thenumberof processors.

While it seemsasif analternative algorithmcouldavoid this loop,suchanalgorithmcausesa message
explosion. Considerthealternative algorithmwherea switchperformsonly onematchquery, queryingits
sibling or cousin. If it still holdsanoverly large matchpair � � ��� � , theswitch trivially dividesit into two
matchpairs � � ��� � and � � ��	 � where �

�

� �
	 . This is a legitimateoperation,sincethenode � canful�ll
two reservationsjust aseasilyasone,andappearsto allow a switchto sendmatchmessagesto its children
while doingonly onematchquery. Theproblemoccursin treeslikeFigure6. SinceSwitch � is notwilling
to look aheadinto � 's children,it just splitsthematchpair for � into four piecesandsendsthemon to its
children; � thereforegetsqueriedfour times,creatinga communicationhotspotin thenetwork. TheKnife
algorithmdoesoneextraqueryto � andthusavoidsthemessageexplosionandthehotspot.

Oncea thief processorreceivesa matchpair naminga real victim processor, it is able to steal. The
Knife algorithmdoesnotguaranteethata thief processorwill receive amatchpairwith a realvictim name;
it maybegivena matchpointer, in which casethe thief processorusesmatchqueriesto follow thechain
of matchpointersuntil it reachestherealvictim processor. Thethief processorstealswork from thevictim
processor, andthendestroys theownershiprights to both the thief andthevictim. At this point, sincethe
thief processorheldanddestroyed theownershiprightsandreservationsfor both the thief andthevictim,
nonodeownsor reserveseitherone.

This setof proceduresis theessenceof thealgorithm.Within a givensubtree,ownershiprightsriseto
thesubtreeroot,whichcomposesandsendsmatchmessagesto its children.Thesematchmessagescascade
down the thief subtree,arrangingthe appropriatework steals. In the meantime,the subtreeroot hassent
residualthievesor victimsto its parent,sothatthis sameprocessis takingplaceon thenext level.

Theuseof anonymousownershipandmatchpointersis basicto thedistributednatureof thescheduling
algorithm. If we wereto usea name-passingalgorithm,thenthematchingswitchwould bedoingmostof
the schedulingwork for a given setof matches.In our system,the schedulingwork is distributedamong
all theswitchesin thethief andvictim subtrees.A givenswitchin thethief subtreeis only responsiblefor
executingtheKnife algorithm.A givenswitchin thevictim subtreesimplyhasto ful�ll matchquerieswith
matchpairs. The apparentinconvenienceof having to do matchqueriesanddealwith matchpointersis
balancedby betterdistributedbehavior for theschedulingalgorithm.

3.4 Analysis

Algorithm DDRhasthesameperformanceboundsasAlgorithm DPR, but Algorithm DDRis conservative.

Lemma 4 If theprocessor-treeis balancedof depthat most������� , thentheDRAMrendezvousalgorithmis
conservativewith respectto thetreeandthepermutationinducedby thematching.

Proof: The messagesthat go up the treeinduceonly a constantload on the tree. The downward-going
messagesareof sizecontainat most �	� ��������� nodeidenti�ers, sinceeachmatchingnamesa contiguous
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region of processorsby namingthe maximalrootsof the subtreescontainingthoseprocessors.Thenode
namesandcountsrequireatmost � � ����� � � bitssincethereareonly � processorsto identify or count.Each
subtreemay receive at mostonematchmessagefrom eachof its ancestors.The knife algorithmis used
to split any particularnodeat mostoncepermatchmessage,andareonly handledby theancestorsof the
victimsthatwill eventuallybestolen.

Theorem 5 Considertheexecutionof any fully strict multithreadedcomputationwith critical-path length
���

andwork
���

usingthe(nonrandomized)DRAMrendezvous.Therunningtimeon � processors, includ-
ing schedulingoverhead,is

��� �

� �
��� � ����� �����

� ���

� �

� �

� .

Proof: Thesameasfor Theorem2.

3.5 RandomizedDRAM Rendezvous

Algorithm RDRusesaslighttwist onthenonrandomizedDRAM algorithm.In Algorithm DDR, amatching
switch tries to matchasmany of its childrenaspossibleto maximizelocality, without regardto whether
far-awayvictimswill everbestolen.To makesurethateachvictim hasafair chanceof beingstolenrequires
globalknowledgeof how many thievesandvictimsthereare.To do this,we �rst calculatethetotalnumber
of thievesandvictims by summingup the treeandbroadcastingdown. At this point every switchknows
how many thieves and victims are below it in the tree, and how many are in the entire tree. Let

�

be
the total numberof thievesin the entiretree,and � be the total numberof victims. If

���

� theneach
switchmatcheslocally asbefore.Otherwise,in a completelyfair scheme,eachvictim shouldhave chance

�

� �
�

� of beingstolen.
We will de�ne a “f airnesscoef�cient”, � , which tells us how fair we want to be. If �

�

	 thenthe
algorithmwill becompletelyfair. If �

�

	

�

� thenthealgorithmwill guaranteeeachvictim a chance� �

of beingstolen. If �

�

� thealgorithmrevertsto Algorithm DDR. Eachswitchuses� to determinehow
muchmatchingit mayperformlocally. If aswitchhas

���

thievesand �

�

victimsin its subtree,thenit knows
that thereare

�




���

thievesand � 
 �

�

victims in therestof theworld. Theswitchmustguaranteethat
therestof theworld will have � � � � 
 �

�

� thievesavailablefor its victims. Thusit mustcontributeat least
� � � � 
 �

�

� 
 �

�




���

� thieves,andit canuseup to
�


�� � � � 
 �

�

� of its thievesfor localmatching.We
canthusadjust� to makea tradeoff betweenprovablygoodperformanceandimprovedlocality.

Theorem 6 Considertheexecutionof any fully strict multithreadedcomputationwith critical-path length
�

�

andwork
�

�

usingtherandomizedDRAMrendezvouswith � a positiveconstant.Theexpectedrunning
timeon � processors, includingschedulingoverhead,is

��� � �
���

� � � �
����� ����� ���

�
�

� . Moreover, for
any � � � , with probabilityat least 	 
 � , theexecutiontimeis

� � � �
���

� � �	�
��� � ����� �����

�
�

�	� � ��	

�

� �
�
� .

Proof: Thesameasfor Theorem6.

4 Empirical Results

We implementedAlgorithm DDR in the Cilk multithreadedruntimesystem.We call the DRAM version
of Cilk TreeCilk. We found that thesystemis not very predictable,whetherwe run on a controlledenvi-
ronment,suchastheNASA AmesWhitney cluster, or onanuncontrolledenvironmentsuchastheinternet.
Surprisinglytheinternetis notmuchworsethanthelocal-areanetwork.

To measuretheperformanceof TreeCilk,weranapplications,andmeasuredthecritical path,work, and
runtime. CurrentlyTreeCilkcanonly run a few Cilk applications.Our versiondoesnot supportdynamic
memoryallocationor Cilk' s abort protocol. We plan to addressboth of theseshortcomingsin the near
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future. Becauseof theselimitations,we only have a few programsrunning,includingthedoublyrecursive
�bonacci programandthesyntheticknary benchmark[BJK � 96].

Werantheknary programwith avarietyof parametersandonavarietyof machinecon�gurations.In
orderto plot differentcomputationson the samegraph,we normalizedthemachinesizeandthe speedup
by dividing thesevaluesby the averageparallelism �

� � � � � �

, aswasdonein [BJK � 96]. Figures7
and8 show theoutcomesof theseexperiments.Figure7 includesonly datafrom runningin theWhitney
ethernet-connectedPentium-Procluster. Figure8 shows datafrom runningon the internetusingseveral
whitney machinesplusoneYalemachine,communicatingfrom Connecticutto California.

The linear-speedupplus critical-pathmodelof [BJK � 96] doesnot appearto work very well for our
implementation,even whenwe run in the controlledenvironmentof the Whitney cluster. The datafrom
Figure9, which includesonly runsfor which the work is at least18 secondsis a little better, but it still
appearsthatwedonot fully understandthissystem.Wetriedacurve �t of theperformanceagainstamodel
of theform

� � �

	

� � ���

� � 	

� � �

� 	�� � �����

� �

and�ts that includedthe �������

� �

basisfunctionarea little betterthan�ts that includeonly the
� �

basis
function,but wedonotconsiderthecurvesto �t well enoughto bepredictive.

We suspectthat the part of the systemwe do not understandis the synchronization.Perhapsour al-
gorithm is “too synchronous”.We plan to try somemodi�cations to the algorithmthat make it lesssyn-
chronous.

We foundthattakinga clustercomputationandaddinga far-away processoroftenimprovedthespeed.
Onewould not be surprisedif the overheadof addinga far-away processorovercameany additionalpro-
cessingpower addedby the processor. Sometimesaddinga processorhelps,andsometimesit doesnot.
Surprisingly, we foundthat in situationswheretheadditionof a local processorimprovesperformance,the
additionof aprocessorlocatedacrosstheinternetalsoimprovesperformance.

Link Loads

Wecanmeasurelink loadsonour treestructureveryeasily. Sinceourabstractionof theinternetis thatit is a
tree-structuredDRAM, thereis auniquepathbetweeneachsourceanddestination.If werecordthenumber
of bytessentto eachsourceandeachdestination,wecanreconstructthebandwidthactuallyused.Figure1
shows thelink loadsfor onerunof TreeCilkon25processorsdistributedacrosstheUSA. Theloadsacross
therootof thetreeareanorderof magnitudelessthanwhataordinarymodemprovides.

5 The Future

In time for the�nal paper, wehopeto getthefollowing done:
� ImplementAlgorithm RDR, therandomizedDRAM rendezvous,for TreeCilk.Perhapstheimproved

theoreticalbehavior overAlgorithm DDRwill translateto improvedempiricalbehavior.
� Loosenthesynchronizationrequirementsof thealgorithmto allow differentpartsof themachineto

performtheirwork moreindependently.
� Supportthe full Cilk-5 language.For dynamicmemoryallocationKeith Randallhasalreadymade

many of theneededchangesin hisDistributedCilk, andwesimplyneedto patchour implementation
with his improvements.We alsohopeto get the abortprotocolrunningeventually. With thesetwo
changeswe will beableto run muchmoreinterestingapplications,suchasblockedmatrix multipli-
cation,LU decomposition,Barnes-Hut,andtheCilkChessparallelchessprogram.

In themedium-termwehopeto improve TreeCilk.Ourstrategiesincludethefollowing:
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� Usethe higher-performancenetworks availableon the Whitney cluster. (We areusingUDP on the
ethernet.We hopeto try theseexperimentson a machinewith a high-performancesystem-areanet-
work.

� We hopeto merge the fault-tolerantCilk of Blumofe andLisiecki [BL97] with our systemso that
TreeCilkwill beableto tolerateprocessorfailures.

In the longerterm,internetapplicationssuchasTreeCilkwill becomemorecommon,andtheinternet
will needto provide a way to control the bandwidthconsumptionof theseapplications. It is becoming
clearhow onecontrolsthebandwidthconsumedby apoint-to-pointconnection,but is still not clearhow to
controlthebandwidthconsumedby a collectionof processorsworkingon oneapplicationwithout slowing
themdown unnecessarily. Perhapsoneday, wewill seeapplicationssuchasCilkChessrunningonmillions
of processorsover theinternet.
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Figure1: Thebandwidthsusedin a big TreeCilkcomputation.A total of 25 processorsspreadacrossthe
USA wereused. Thesedatacomefrom running the knary with parameters(1,5,30000,8) . (See
[BJK � 96] for anexplanationof theparametersto knary ). Thedottedlinesshow wherethe internaltree
nodeswere physicallyplaced. The numberson the tree edgesshow the bandwidthconsumedover the
computation(measuredin bytesper second.)TheMIT andALR machinesareboth4-processorPentium
Pro 200MhzSMP computers(representedasa subtreewith four leaves). The Whitney site provided 16
one-processorPentiumPro200Mhzcomputers(representedasa mixedbinary/4-arytreeof depth3.) The
Yale machineis a PentiumPro 200Mhzcomputer. This computationran for 112 secondsandachieved a
speedupof about9 on25processors.
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Figure 2: A tree of switchesand processorsbeforethe matchingprocesshascommenced.Rectangles
representswitchesandroundedrectanglesrepresentthieves.Thenotation

�

�

��� ��� � signi�es thatthenode
owns � thievesand � victims.

a

b g

T3

M=(0,0) M=(0,0) M=(0,0) M=(0,0)

V1 V2 T1 T2

M=(0,0)

M=(0,0) M=(0,0)

M=(3,2)

Figure3: Thestateof thetreeafterall ownershipshave beentransferredup to theroot.

a

b g

T3V1 V2 T1 T2

M=(0,0) M=(0,0) M=(0,0) M=(0,0) M=(0,0)

M=(0,0)M=(0,0)

M=(3,2)

R=(0,1) R=(0,1) R=(1,0) R=(1,0) R=(1,0)

R=(0,2) R=(3,0)

R=(0,0)

Figure4: Thestateof thetreeafterownershiptransferwith reservationsillustrated.Thenotation“R=(t,v)”
indicatesthatthenodeis reserving� thievesand � victims.
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Figure5: Thestateof thetreeafter 	 senta matchmessageto � andwhile � is in themidstof querying� .
A singlematchpair is beingexchangedfor two inferior matchpairs.
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Figure6: Themessageexplosionwhichoccursif theKnife algorithmis notused.Switch � doesnotrealize
thatby doingoneextraqueryit couldsave � from beingqueriedfour times.
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Figure7: Variousknary datarunningon theWhitney cluster.
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Figure8: Variousknary datarunningon theinternet(Whitney plusoneYalemachine.)
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