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ABSTRACT

This paperpresentsoncurrenttache-oblrious (CO) B-trees. We
extendthe cache-obliious modelto a parallel or distributed set-
ting andpresenthreeconcurrentCO B-trees.Our rst datastruc-
tureis a concurreniock-basedexponentialCO B-tree. This data

structuresupportsinsertionsand non-blockingsearches/successor

queries. The secondandthird datastructuresare lock-basedand
lock-free variations, respectrely, on the paclked-memoryCO B-
tree. Thesedatastructuressupportrangequeriesanddeletionsin
additionto the otheroperations.Eachdatastructureachiezesthe
sameserial performancesthe original datastructureon which it
is based. In a concurrentsetting,we shav that thesedatastruc-
turesarelinearizable meaninghatcompletedperationsppeato
an outsideviewer asthoughthey occurredin someserializedor-
der. Thelock-basedlatastructuresarealsodeadlockfree,andthe
lock-freedatastructureguaranteeforwardprogressy atleastone
process.

Categoriesand Subject Descriptors: D.1.3Programming Tech-
niquesConcurrenProgramming—parallel programming;E.1Data
Structur esDistributedDataStructuresE.1Data Structur esTrees;
G.3Probability and Statistics Probabilisticalgorithms;

General Terms: Algorithms, Theory

Keywords: Cache-ObliiousB-tree,ConcurrenB-tree, Non-
Blocking, Lock Free ExponentialTree,Packed-MemoryArray.

1. INTRODUCTION

For overthreedecadesthe B-tree[5, 14] hasbeenthe datastruc-
ture of choicefor maintainingsearchableprdereddataon disk.
Traditional B-treesare effective in large part becausehey mini-
mize the numberof disk blocksaccesseduring a search.Specif-
ically, for block size B, a B-tree containingN elementgperforms
O(logg N + 1) block transfersper operation. B-treesaredesigned
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to achieve gooddatalocality at only onelevel of the memoryhier
archy andfor one x edblock size.

In contrastcache-obliious(CO) B-treesattainnearoptimalmem-
ory performanceat all levels of the memoryhierarcly andfor all
block sizes(e.g.,[7-9,11,13]). A CO B-tree performsa search
operationwith O(loggN + 1) cachemissesfor all possibleblock
sizessimultaneouslyandevenwhentheblock sizeis unknavn. In
a complex memoryhierarcly consistingof mary levels of cache,
the tree minimizesthe numberof memorytransfersbetweeneach
adjacentcachelevel. ThusCO B-treesperformnearoptimally in
theory andin recentexperimentshave shavn promiseof outper
forming traditionalB-trees[12,19].

Oneshortcomingof previously describedCO B-treesis thatthey
do not supportconcurrentaccesdy differentprocesseswhereas
typical applications,suchas databasesand le systemsneedto
accessand modify their datastructuresconcurrently This paper
describeghreeconcurrentCO B-treedatastructuresprovesthem
correct, and presentsperformanceanalysisfor a few interesting
specialcasesTherestof this introductionreviews CO B-treesand
explainsthe concurreng problem.

Cache oblivious B-trees

We rst review the performancemodelsusedto analyzecache-
ef cient datastructuresandthenreview threevariationson serial
cache-obliiousB-trees.

External-memonyatastructuressuchasB-trees,aretradition-
ally analyzedn thedisk-accesmodel(DAM) [1], in whichinternal
memoryhassizeM andis dividedinto blocksof sizeB, andexter-
nal memory (disk) is arbitrarily large. Performancen the DAM
modelis measurednh termsof the numberof block transfersThus
B-treesimplementsearchesasymptoticallyoptimally in the DAM
model.

Thecade-obliviousnodel[15,26] is liketheDAM modelin that
the objectie is to minimize the numberof datatransfersbetween
two levels. Unlikethe DAM model,however, theparameters, the
blocksize,andM, themain-memornsize areunknavn tothecoder
or to thealgorithm. If analgorithmperformsanearlyoptimalnum-
berof memorytransfersn atwo-level modelwith unknovn param-
eters thenthealgorithmalsoperformsa nearlyoptimal numberof
memorytransferson ary unknavn, multilevel memoryhierarcly.

A CO B-tree[8] achievesnearlyoptimallocality of referenceat
every level of the memoryhierarcly. It optimizessimultaneously
for rst- andsecond-leel cachemissespagefaults, TLB misses,
dataprefetchingandlocality in the disk subsystemAlthoughthe

rst CO B-treeis complicated8], subsequentesigng10,13,19,
27] rival B-treesbothin simplicity andperformancd6, 10,13,19,
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Figure 1: Thevan EmdeBoaslayoutfrom [26]. A tregof heighth is cut
into subtreesat heightnearh=2, so eachsubtreeis Q(" N) in size. This
exampleshovs thelayoutof atreewith 8 leaves.

21,27]. Indeed preliminaryexperimentshave shovn, surprisingly
that CO B-treescanoutperformtraditional B-trees,sometimesy
factorsof morethan2 [12,19].

Therearetwo main approacheso implementingserial CO B-
trees. One approachis basedon pacled-memoryarraysand the
otheron exponentialsearchtrees.Both approachesmploy a static
COsearchree[26] asabuilding block.

A staticCO searchtreecontainsa setof N orderedelementsn
a completebinary tree. It executessearchesising O(logg N + 1)
memorytransfers.The elementsarelaid outin anarrayusingthe
vanEmdeBoaslayout (seeFigurel). Eachnodein thebinarytree
is assignedo a positionin alengthN array To perf%rrlthelayout,
split thetree@t_roughly half its heightto obtainQ(" N) subtrees
eachwith Q(" N) nodes.Eachsubtreds assignedo a contiguous
portionof thearray within whichthesubtreds recursiely laid out.
Thearrayis storedin memoryor disk contiguously

A staticCOsearchreeexecutesearches O(logg N+ 1) mem-
ory transferq26]. To understandhis bound,conijd_erthe decom-
positionof the treeinto subtreesyf sizebetween B andB. The
depthof eachsubtreds able_astlg B, soary root-to-leafpathen-
countersat mostlgN=Ig B = 2loggN subtrees. Eachof these
subtreesancrossat mostoneblock boundaryleadingto 4logg N
memorytransfersin the worst case. This analysisis not tight. In

particular [6] provesaboundof 2+ 9% logg N+ O(1) expected

memorytransferswherethe expectationis taken over the random
placementf thetreein memory

The pacled-memoryarray[8, 17] appearedn the earliestserial
dynamicCO B-tree[8] andsubsequerdimpli cations[11,13]. The
paclked-memornyarraystoreshekeysin order subjectto insertions
and deletions,and usesa static CO searchtree to searchthe ar-
ray efciently. Theideais to storeall of the leaves of the tree
in orderin a singlelarge array If all the elementswere pacled
into adjacenslotsof the arraywith no spacestheneachinsertion
would requireO(N) elementgo bedisplacedasin insertionsort.
The x to this problem(known by every librarian)is to leave some
gapsin thearraysothatinsertionsanddeletionsrequireamortized
O(Iog2 N=B+ logg N+ 1) memorytransfers.The amortizedanal-
ysisallows thatevery oncein awhile thearraycanbe cleanedup,
e.g.,whenspaces runningout.

An exponentiakearchree[2,3] canbeusedto transformastatic
CO searchtreeinto a dynamicCO B-tree[7,27]. An exponential
searchreeis similarin structureto a B-treeexceptthatnodesvary
dramaticallyin size,thereareonly O(loglogN) nodesonary root-
to-leafpath,andtherebalancingschemegwherenodesaresplit and
meiged)is basedon someweight-balanceroperty suchasstrong

weightbalance[4, 8,23,25]. Typically, if anodecontainsM ele-
ments,thenits parentnodecontainssomethingnearM? elements.
Eachnodein thetreeis laid outin memoryusingavanEmdeBoas
layout,andthebalancingschemaallows updatego thetreeenough
exibility to maintainthe efcient layout despitechangesn the
tree.

The concurrency problem

Concurreng introducesa numberof challengesA nave approach
would lock segmentsof the datastructureduring updates.For ex-
ample,in a traditional B-tree, eachblock is locked beforebeing
updated Unfortunatelyin the CO modelit is dif cult to determine
the correctgranularityat which to acquirelocks becausehe block
sizeis unknavn. Locking too small a region may resultin dead-
lock; locking too large aregion mayresultin poorconcurreng.

Secondjn mostdatabas@nd le-system applicationssearches
are more commonthan insertsor deletes,so it is desirablethat
searchebenon-bloking, meaninghateachsearctcancontinueto
male progressgevenif otheroperationsarestalled. Our solutions
in this paperdo not requiresearctoperationgo acquirelocks.

Another problemariseswith maintainingthe “balance” of the
datastructure. Both main approacheso designingserial CO B-
treesrequirecarefulweightbalanceof the treesto ensureef cient
operationsWith concurrentipdatesthe balancecanbedif cult to
maintain.For example theamortizedanalysiof apacked-memory
arrayallows a procesgo rewrite thedatastructurecompletelyonce
in awhile. Butif the rewrite acquireslocks which prevent other
processorfrom accessinghe datastructurethenthe averagecon-
curreny drops:onaverageonly O(1) processesanaccesshedata
structureconcurrently

Finally, thereis a signi cant asymmetrybetweenreadingand
writing thememory We analyzeour datastructuresinderthe con-
currentread,exclusive write (CREW) model. Two processegan
reada locationin memoryconcurrently sincetwo cachescansi-
multaneouslyhold the sameblock in a read-onlystate. In fact, it
may be preferableif partsof the datastructure,e.g.,theroot, are
accessefrequentlyandmaintainedn cacheby all processesOn
theotherhand whenmultiple processeattempto write to ablock,
thememoryaccesse® the block areeffectively serializedandall
parallelismis lost.

We respondto thesechallengesby developing new serial data
structuresthat are more amenableto parallel accessesand then
we applyconcurreng techniqueso developour concurrentCO B-
trees.

Our results

This paperpresentsthree concurrentCO B-tree data structures:
(1) an exponentialCO B-tree (lock-based)(2) a packed-memory
COB-tree(lock-based)and(3) apaclked-memonyCO B-tree(non-
blocking). We show thateachdatastructureis linearizable mean-
ing thateachcompletedoperation(anda subsebf theincomplete
operations)can be assignech serializationpoint, eachoperation
appearsfrom an externalviewer's perspectie, asif it occursex-
actly at the serializationpoint (see,e.qg.,[16,22]). We alsoshav
thatthelock-basedlatastructuresaredeadlo free i.e.,thatsome
operationalways eventually completes. We shav that the non-
blocking B-treeis lock-free thatis, even if someprocessedail,
someoperationalways completes.Whenonly one processs ex-
ecuting,the treesgain all the performanceadvantagesf optimal
cache-oblriousnessfor example they executeoperationswith the
sameasymptoticperformanceasthe non-concurrenversionsand
behae well on a multi-level cachehierarcly without ary explicit
codingfor the cacheparametersWhenmorethanone processs



Figure 2: An exponentialCO B-Tree. Nodesgrow doubly exponentiallyin the heightof thetree. The dark-graykeys of internalnodespoint to the smallest
key in the correspondingubtree Datais storedin theleaves. Thelight-gray keys of internalnodesindicatethe right-key. Eachnodehasa right-link pointer

forming alinkedlist ateachlevel in thetree.

executing,the B-treesstill operatecorrectlyandwith little interfer
encebetweerdisparateoperations.

Roadmap

Therestof this paperis organizedasfollows. Section2 describes
our concurrentCO model. Section3 presentsa lock-basedexpo-
nentialCO B-tree. Sectiond presentsalock-basegacked-memory
CO B-tree,whereasSection5 presents lock-freepaclked-memory
CO B-tree. Section6 concludeswith adiscussiorof otherwaysto
build concurrentCO B-treesandof openproblems.

2. THE CONCURRENT CO MODEL

In this sectionwe describethe concurrentCO model,andthen
discusghe concurreng mechanismsisedthroughouthis paper

TheCO model,asintroducedn [15,26], modelsasinglelevel of
thememoryhierarcly. The modelconsistof two componentsthe
mainmemoryanda cacheof sizeM. Both aredividedinto blocks
of size B. Thevaluesof M andB are unknawn to the algorithm,
hencethetermcadce oblivious

In this paperwe extendthe modelto a parallel(or distributed)
setting consistingof P processors.We considerthe casewhere
eachprocessohasits own cacheof sizeM=P. A blockmayreside
in multiple caches,in which caseit is marked in eachcacheas
shared A blockthatis markedexclusivecanresidein only asingle
cache A processocanperformwrite operationonly onblocksfor
which it hasobtainedexclusive access.

If multiple processorgoncurrentlyrequestsharedaccesso a
block, theblockis placedin eachof thecacheandmarkedshared.
If a processorrequestsexclusive accesdo a block, the block is
evicted from all other cachesandis marked exclusive; all other
concurrentequestdor sharedr exclusive accessail. If acacheis
full, eachsuccessfutequestesultsin anold block beingevicted;
we assumehatthe leastrecentlyused(LRU) blockis evicted!.

Eachrequesfor ablock costsonememorytransferregardlessof
whetherthe block is requestegharedor exclusive andregardless
of whethertherequesis successfulThereis no fairnesguarantee
thata processois eventuallysuccessfulA singlereador write op-
erationmay;, in fact,bequite expensve, resultingin alargenumber
of unsuccessfublock requestsf therearemary concurrentwrite
requests.

We malke useof two differenttypesof supportfor concurreny.
For muchof thepaperwe uselocksto synchronizeaccesso pieces

ITheresultsin thispapetholdfor ary reasonableeplacemenstrat-
egy. Unlikein theoriginal CO model,we donotassumeanoptimal
replacemenstratgly. Onedif culty in theconcurrensettingis that
it is unclearwhat“optimal” meansbecause€hangedo thereplace-
mentpolicy affectthe schedulingof the program.

of memory When consideringnon-blockingalgorithms,we use
load-linked/stoe-conditional (LL/SC) operations. An LL opera-
tion readsthe memoryandsetsa link bit. If ary otheroperation
modi es the memory the link bit is cleared. An SC operation
writes the memoryonly if the link bit is still set; otherwisethe
memoryremainsunchangedThis approactavoidsthewell-known
ABA problemthatariseswith compae andswap(CAS). Therehas
beenmuchresearchshaving how to implementLL/SC with CAS
andvice versa,implying thatin somesenseghey are equialent
(e.0.,[18,24]) andwe believe it is not dif cult to modify our con-
structionfor the somavhatmorecommonCAS operation.

3. EXPONENTIAL CO B-TREE

This sectionpresentsour rst concurrentCO B-tree. We rst
describethe datastructure. We thenprove correctnessindgive a
performanceanalysis.We concludeby discussingsomeinteresting
aspect®f this datastructure.

Data structure description

Thedatastructureusesastronglyweight-balancedxponentiaktree[2,
3,7,27] to supportsearcheandinsertions.Eachnodein the tree
containschild pointersand a pointer to the nodes right sibling
(right-link) (seeFigure?2). A nodemaintainsthe setof keys that
partitionits childrenandthe key (right-key) of the minimum ele-
mentin theright-link's subtree.

We now describethe protocolfor searchesndinsertions. The
treeis parameterizetdy a constant, for 1< a < 2, which affects
the heightof thetree. We saythata leaf hasheight0, anda node
hasheightonemorethanits children.

To seach for akey k, we begin at the root of the treeandfol-
low child pointersor sibling pointersuntil we reachthe leaf con-
taining the target element. At eachintermediatenodewe exam-
ine right-key. If right-key is smallerthank, thenwe follow the
right-link pointer Otherwisewe proceedo the appropriatechild.
Onreachinga leaf, the searchcontinuego follow right-link point-
ersuntil eitherk is found, in which casethe searchreturnsthe
value, or a key larger thank is found, in which casethe search
fails. We acquirenolocksduringthesearch.

To insertkey k, we rst searchfor the leaf wherek shouldbe
insertedacquirealock ontheleaf, performtheinsertionattheleaf,
andreleasehelock. Next we determinewhetherthekey k should
be promotedor whethertheinsertionis complete.We promotethe
key k in theleafto height1 with probability1=2. Whenpromoting
k, we reacquirethe lock andsplit the leaf u containingk. Nodeu
keepsall of the keys lessthank, andthe new leaf acquiresall of
the keys greaterthanor equalto k. We thenreleasethe lock and
insertthe promotedkey k into the parentof u. More generally if
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Figure 4: Themodi ed vanEmdeBoaslayoutof anodein theexponential
COB-Tree.This gure shavsthelayoutof thenodegivenastherootof (a)
in Figure3

we inserta key k into a nodeu® of heighth, we promotek from
heighth to heighth+ 1 with probability 1=23h, which meanswe
reacquirethe lock, split w0 releasethe lock, andinsertk into the
parentof . Figure3 givesanexampleof aninsertandpromotion.

In orderfor nodesto be searchef ciently, the keys in a node
arelaid out usinga modi ed van EmdeBoaslayout sothata node

of sizek can be traversedwith Q(loggk+ 1) memorytransfers.

An exampleof the modi ed layoutis depictedin Figure4. The
nodeis divided into two pieces:a size-dke array? lled from the
left holdingall the keys in a node,anda completedke-leaf static
CO searchtreeusedto ef ciently searchor anarrayslot. Thei-th
leaf of the searchtreepointsto thei-th arrayslot. In particular a
leaf containingk in the searchtree pointsto k in the array This
approachis reminiscentof [10] andreappearsn Section4. The
staticCO searchtreeconsistf keys laid outin avan EmdeBoas
layout [26]. This layout consumegroughly) the rst 2=3 of the
memoryusedby anode.The nal 1=3 of thememorycontainghe
keys storedin orderasavector A searchwithin anodeendsatthe
locationof thekey in thevector

Whenwe rewrite a node(eitherbecausehe key is insertedinto
thenodeor becausé¢he nodeis split), we updatethe modi ed van
EmdeBoaslayoutasfollows. Firstwe rewrite the vectorof keys

(the right half of the node), proceedingfrom largestto smallest.

Thenwe updatethe van EmdeBoaslayoutin the left half. This
layoutensureshatwe canperformconcurrensearchegvenwhile
thenodeis beingupdatedIf aninsertis performedvhenthevector
of keysis alreadyfull, we allocatea new nodeof twice thesize.

Correctness

We rst amgue that the datastructureis correct,even undercon-
currentoperations.The mostcommonway of shaving thatanal-
gorithmimplementsa linearizableobjectis to shav thatin every

2The hypeceiling of x, denoteddixes, is de ned to be 24°9%€ j e
thesmallesipower of 2 greaterthanx.

executionthereexists a total orderingof the operationswith the
following propertiesi(1) theorderingis consistentvith thedesired
insert/searclsemanticsand(2) if oneoperationcompletesefore
anotherbegins, thenthe rst operationprecedeshe secondn the
ordering.Linearizabilityfollows dueto astraightforvardextension
of Lemmasl3.10and13.16in [22].

Theorem 1. TheexponentialCO B-Treeguaranteedinearizable
insertionsandseachesandis deadlo&-free

Proof. In orderto shawv that an appropriatetotal orderingof the
operationsxists, we needto shav thatif anoperationcompletes,
all later operationsare consistentwith it. If aninsertoperation
nishes insertinga key k at level 0, or a searchnds a key k at
level 0, thenary latersearchalso nds key k.

First, noticethatat every level of thetree,the keys arestoredin
order Thatis, if the largestkey in nodeu is k, thenthe smallest
key in nodeu:right-link is larger thank. This fact follows from
the two waysin which a nodeis modi ed. First, a nodemay be
split, sayat key k. In this case the split operation protectedby a
lock, preseresthisinvariant,moving k andall largerelementsnto
anew nodethatcanbereachedy right-link. Secondakey k may
beinsertedinto a node. In this case the nodeis locked during the
insertion,and someof the elementdn the vectorhalf of the node
move onepositionto theright to make roomfor k.

This orderingof keys impliesthatif key k is in the leaf nodeof
the tree when a searchbegins, thenthroughoutthe search a leaf
containingkey k is reachabléoy the search.The searchbegins at
theroot, andevery leafis reachabldrom theroot. We proceedby
induction: at eachstepof the searcha child pointeris choserwith
aminimumkey nogreatethank. Theonly interestingcases when
thechild nodeis concurrentlysplit. Evenin this case however, the
child nodealwayscontainsakey nogreateithank, sinceeverwhen
a nodeis split it always maintainsits minimal key. We conclude
thatk is still reachable.

Finally, deadlock-freedonllows immediately sinceeachpro-
cessholdsonly onelock atatime. [

Cache-oblivious performance

We rst considerthe costof individual operationswvhenthe data
structureis accessedequentially We then analyzethe concur

rent performancdor the specialcasewhensearchandinsertop-
erationsareperformeduniformly atrandom.In bothcasesye use
the cache-oblrious costmodel,countingonly cachemisses.

Theorem 2. Assumehat operationsoccursequentially A seach
in an N-nodetreetakesO(logg N + log, Ig B) blodk transfes, with
high probability; aninserttakesO(logg N + log, Ig B) blodk trans-
fersin expectation.

Proof. First, noticethatif atreecontainsN keys, thenwith high
probability every nodein the tree hasheightlessthanlog, IgN +
O(1). Speci cally, the probability that ary key is promotedto
heightlog, IgN+ cis O(n 2°+1),
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Figure 5: A pacled-memoryCO B-Treeconsistof a staticcache-obliioussearchreeusedto index into the one-way pacled-memoryarray Eachleafin the
treepointsto a Q(lg N)-sizedregion of thearray The active region of the arrayis outlinedwith a solid border The active region of the array containsgaps

allowing for insertionsandthearraycangrow to theright or shrinkfrom theleft.

Also noticethatif uis anodeof heighth, thenthenumberof keys
inuis O(Zah) in (—»(pectatiorandO(Zah IgN) with high probability.
For h= W(log, IglgN), thatis, whenthe expectednodesizeis at
leastW(IgN), thenumberof keysis O(Zah) with high probability

We now calculatethe costof a searchoperation. Searchinga
nodeof heighth, laid outin themodi ed vanEmdeBoaslayout,for
the correctchild pointertakesO(IogB(Zah) + logglgN + 1) mem-
ory transferswith high probability For nodeswith expectedsize
atleastW(IgN), thecostis O(IogB(Zah) + 1) with high probability.
We sumthe costsfor all levels,rangingfromi = Otolog, IlgN+ ¢
(with high probability):

I

log, IgN+c N log, lglgN
Q & logg(2)+ @ logglgN
0 0

Theright term sumsto O(logg N). For the left term, we consider
two casesdependingon whetheror not the size of the nodeis at

leastB. For all levels wherethe nodesare of sizeat leastB, the
costis dominatedby the root node(or possiblya nodejust below

theroot). For nodesof sizelessthanB, the block transfercostis at

most2. Thereforewith high probability the total costof a search
is O(a®logg N + log, IgB).

We next calculatethe costof aninsertoperation. Considerthe
expectedcost of insertinga key at heighth of the tree. Recall
thatwe promotea key from level h 1 to level h with probability
2"t Thus,the probability of promotinga givenkey to heighth
is2 (@ 1=@ 1) Thecostof insertingakey into anodeat height
h, giventhatthe key reacheseighth, is the costof retuilding the
entirenode,whichis O(1+ 23" IgN=B) with high probability

Therefore,the expectedcostat heighth is the probability that
the insertionreachesheight h timesthe costof rewriting a node
atheighth. The expectedcostis thereforeO(2 <@" 1) jogN=B),
where0 < c’< 1 depend®nthevalueof a. Thesummatioracross
all log, lgN+ O(1) levels,then,is O(IgN=B)  O(loggN). Hence
the total expectedcostof aninsertis the costof searchindor the
right placeto do the insertionplus the costof doingtheinsertion.
Thatis, thecostis O(logg N+ log, IgB). [

Noticethatif therearealargenumberof concurrensearchoper
ations,but no insertoperationseachsearctoperationincursa cost
of O(logg N + log, Ig B), thesameasin thesequentiatase.

If therearemary concurrensearchesndinsertionsthe perfor
mancemay deteriorate.The performancef concurrentB-treesis

dif cult to analyzesinceit dependsigni cantly ontheunderlying
parallelismof the algorithmusingthe datastructure.For example,
if alarge numberof processesll try to modify a singlekey, then
the operationsare inherently serialized,and thereis no possible
parallelism. As a result,for mostconcurrentB-tree constructions
(andin fact, mostconcurrentatastructures)little is statedabout
their performanceWe analyzethe“optimally parallel; casewhere
eachsearchandinsertionoperationtargetsa randomlychoserkey,
andshav thatthe datastructurestill yieldsgoodperformance.

Theorem 3. Assumehatall processosare syntironousanda <
3=2. If O(N® 22=|gN) seach andinsertopemtionsare performed
uniformly at randomin an N-nodetree thenthe expectedcostfor
anopeiftionis O(logg N + log, IgN) bloc transfes.

Proof. Noticethatin the absencef concurrentinsertoperations,
eachsearchoperationtakesO(logg N + log, IgB) block transfers.
If aninsertoperationdelaysa search,we chage that costto the
insertoperation.

An insertoperationhasfour costs: nding theinsertpoint, ac-
quiringthelock, performingtheinsertion,anddelayingotheroper
ations.As in the caseof searchesnding the appropriatensertion
point costsO(logg N + log, IgB) plus ary delayscausedy other
insertoperationsAgain, thisdelayis chagedto theoperatiorcaus-
ing thedelay

The costof performingthe insertionitself is equivalentto the
sequentiatase:O(logg N + log, IgB) block transfers.

It remaingo calculatethe effectsof concurreng: thecostof ac-
quiringthelock andthecostof delayingotheroperationsConsider
the expectedcostincurredby a delayingoneparticularconcurrent
operationat somelevel h. Therearethreecomponentso calculat-
ing this cost: (1) the probability thatthe insertreachedevel h, (2)
the probability thatthe insertoccursin the samenode,and(3) the
actualcostincurredby delayingthe concurrenbperation.

First, asin Theorem2, aninsertoperationreachedevel h with
probability2 @" D@ 1),

Next, aninsertchooseshe samenodeatlevel h with probability
2@™! D=@ 1)=N; sincethe expectednumberof nodesat level h
is equivalentto the numberof elementgpromotedo level h+ 1.

Finally, we considerthereal costof delayingary oneoperation
at level h. The expectedsize of a nodeat level h in the treeis

O(zah). Thereforetheconcurrenbperationcanat mostbe delayed

by O(Zah), which is the costof performingone memorytransfer
for eachelementin the node. Notice thatthis worst-caseanalysis



makes no useof the cache:in the caseof a searchoperationthe
block may be repeatedlytransferredback and forth betweenthe
searchoperationand the insert operation. Moreover, the search
may have to readthe entirenode(ratherthansimply do anef cient
binary search)sincethe contentsof the nodeare changingduring
the search. The size of the nodealsoboundshow long the insert
may needto wait to acquirethelock.

We now sum over the possibleheightsin the tree. Consider
h  hmax= log,lgN + log;(a 1), which is the point at which
the secondtermreachesl. Multiplying the threetermsresultsin
an expectedcost of 22"=N . In the worst case,whereh = hpax
this expressioris equalto N2 3; for smallerh, the costdecreases
geometrically Sincethereareat mostN3 22=IgN concurrenip-
erations,the expectedcost per level is O(1). Summingover all
levels hmaxleadsto anexpectedcostof O(log, IgN).

Next considerthe casewhereh  hmax Notice thatthe second
term never exceedsone. The rst andthird termsdecreaseyeo-

metricallylike O(lzzah), sincethetreeis unlikely to exceednheight
hmax SO again the sumis boundedby the termh = hpay, asbe-
fore. O

Noticethatin aconcurrensetting theexpectectostis O(logg N+
log, IgN), insteadof O(logg N + log, IgB) in the sequentiatase.
Theadditionalcostis incurredwhentwo operationsnterfere.

Discussion

Oneinterestingaspectof this datastructureis parameterizingof
thetreeby a. By skewing the treewider (ratherthandeeper)we
reducethe concurreng at theroot, thusimproving the overall per
formance. Whena is closerto 1, the concurrentperformances
better;whena is closerto 2, thesequentiaperformances better

A secondaspectto noteis that the datastructurerequiresrel-
atively minimal memory managementsinceit doesnot support
deleteoperationsTheonly casein which memorymustbedeallo-
cated(or wasted)is whena nodein the exponentialtreegrows too
big (beforesplitting),anda new contiguousblock of memorymust
beallocatedfor thenode.

4. PACKED-MEMOR 'Y CO B-TREE

In thissectionwe presenbursecondconcurrentcache-oblrious
B-tree. It supportsnsertionsdeletionssearchesandrangequeries
usinglock-basedconcurreng control. We rst describethe lock-
baseddatastructure.We thenprove the datastructurecorrectand
analyzeits serialperformance.

Data structure description

Herewe describethe lock-basedpaclked-memoryCO B-Tree. We
present lock-freeversionof this datastructurein Section5. Our
datastructurds basednthecache-oblriousB-treepresentedh [11]
andconsistf a staticcache-oblrioussearchree[26] thatis used
to index a pacled-memorydatastructure. Insteadof usingthe
paclked-memoryarrayfrom [8], weintroduceanew “one-way paclked-
memorystructure, which is moreamenablgo concurrentopera-
tions. Eachleafin thestatictreepointsto a Q(logN)-sizeregionin
the pacled-memoryarray

Theone-way pacled-memorystructuremaintainsN elementsn
orderin anarrayof sizem= Q(N) (with mapower of 2) subjectio
elementinsertionanddeletion(seeFigure5). Thearrayconsistsof
threesggments:the leftmostandrightmostsegmentscontainextra
empty space andthe middle segment,the activeregion, contains
theN elementsaandsomegapsbetweerelementsOn aninsertion,
theactive region maygrow to theright; onadeletion theactivere-

gion mayshrinkfrom theleft. If theactive region grows or shrinks
too much,thenwe reallocatethearray

We maintaina nearconstant‘density” in the actve region by
rebalancingregionsof the array—thatis, evenly spreadingout el-
ementswithin a region—on insertionsor deletions. In the one-
way pacled-memorystructuretherebalancegnsurehatelements
move only in onedirection:to theright (seeLemma4).

Thedensityof a subarrayis the numberof lled arraypositions
divided by the size of the subarray Considera subarrayof sizek
with i = dgke. Thesizeof a subarraydeterminests upperbound
densitythresholdt;, andits lower-bounddensitythresholdr ;. For
alliandj, ri<rjyg,tj>tjyq,andrj<tj.

Thedensitythresholdgollow anarithmeticprogressiorde ned
asfollows. Let 0< rmin < rmax< tmin < tmax= 1 be arbitrary
constantsLetd= tmax tmin andd®= rmax I min. Then,de ne
densitythresholdg; andr; to be

i 1

0.
" lgm 1d '

ti = tmax lgm—lld,andri = I'min
foralliwithl i Igm.

For example, supposethat m= 16, andwe x the threshold
tmin = 1=2. Therearelg16 = 4 densitythresholds 1 = tmax t2,
ts, andts = tmin. Thethresholdsincreasdinearly with t; = 1,
to= 5=6,t3= 4=6,andt,4 = 1=2. Similarly, if we X rpn=r1=
1=8 andr max= r 4 = 1=4,thenr , = 4=24= 1=6 andr 3 = 5=24.

Search. TosearcHor akey k, simplysearctdown thestaticbinary
tree as normal, without ary locks. Whenthe searchreacheshe
array scanright until nding the appropriatearrayslot. Sincethe
searchproceedswithout locks, we needto performan ABA test
(key, value,key) to malke surethe elementdid not move duringthe
read.

Insertion and deletion. To inserta new elementy with key k,
rst performasearchto nd andthenlock the Q(logN)-sizedleaf
wherekey k shouldbe inserted. Next, scanthe leaf from left to
rightto nd theactualslots for key k. (Slots 1 shouldcontain
the largestkey smallerthank.) If the scanadvancesnto the next
Q(logN)-sizeregion (dueto aconcurrenbperation) acquirealock
onthenext treeleaf, give up thelock onthecurrent,andcontinue.

If theslotsis free, placey in the availableslot. Otherwise we
must rebalancea sectionof the pacled-memoryarray Explore
right from sin thearray acquiringlocks on regionsalongthe way,
until nding thesmallestregion of anysizethatis nottoodense A
region of sizek, with dgke = i, is not “too dense”whenthe den-
sity is no greaterthant;. We thenrebalancehe elementsevenly
within the window by moving elementgo the right, startingwith
the rightmostelementand working to the left. We move the ele-
mentssuchthatno sufx of therebalancedegion hasdensityex-
ceedinghethresholdi.3 Finally, we releasehelocks. Unlike the
pacled-memoryarrayfrom [8] rebalancevindows do not have to
have sizesthat are powersof 2. Figure 6 givesan exampleof an
insertinto theone-way paclked-memoryarray

Deletionsare analogoudo insertions,exceptthatwhenan ele-
mentis deleted,we always performa rebalance.A deletion-trig-
geredrebalancexploresright until nding the rst slot preceding
an occupiedslot, then exploresleft until nding a region thatis
“denseenough. This exploration proceedswithout locks. Once
theregion is establishedwe acquirelocks on the region from left
to right. As with theinsertion-triggeredebalancewe thenspread

3Thus, every pre x of the region not including the last slot has
densityat leastthethresholdt;. In particular apre x of sizek has
dktie elements.



Figure 6: An insertionof the key 10 into the above pacled-memoryarray
of sizem= 16andthresholds ax = 1 andt min = 1=2. Thenew elementl0
shouldgoin theslotcontainingl2, sowe exploreright until nding aregion
thatis nottoo denseincludingthenew itemto insert. Until exploring pasta
region of size2 (indicatedby thesmallroundedectanglén (a)), thedensity
d exceedshe correspondinghresholdt; = 1. Whenexploring betweera
region of sizebetweerB and4, indicatedby themediumroundedrectangle,
thedensityis 1 which exceedghecorrespondinghreshold ; = 5=6. When
exploring regionsof sizebetweerb and8, we usethethresholdt 3 = 2=3.
Theexplorationstopsatthesixth slotasthereare4 elementgincludingthe
new elementl0)to placein 6 slots,giving adensityd = 4=6= 2=3=t3. (b)
givesthestateof thearrayaftertheinsertandrebalanceOncetherebalance
region is establishedwe begin at theright andmove elementsasfar right
aspossiblewithout exceedinghe appropriatehreshold(i.e.,t 3 = 2=3).

elementsevenly startingwith the rightmostelementand working
left. Finally, we releaseall thelocks.

Oncethe insert/deleteor rebalances complete,we updatethe
keysin the staticsearchtree. For eachnodein the subtreede ned
by the updatedregion, if the key ata nodein thetreeis too small,
we lock the node,write the key, andreleasehelock. This stratey
ensureghatconcurrensearchearenotblocked.

Resizingthe array. Whentheright boundaryof the active region
hitsthearrayboundaryor theactive region becomesgoo small,we
resizethe array copying the elementdnto a new array spreading
the elementsevenly. The “ideal” densityof the active region is
(tmin; rma=2. If thgold arrayhasN elementsthenew arrayhas

size Cr——5 , for aconstant. Theactive region startsat

theleft portionof thenew array
We use a randomizedstratgy that allows the resizingto run

quickly andconcurrently Theresizeproceedsn threephases(1)
We randomly chooseleaves of size Q(logN) and countthe ele-
mentsin the leaf. We lock the node,write the countin the node,
andreleasehe lock. If the sibling hasbeencountedwe write the
sumin the parentandproceedup the tree. Whenthe root nodeis
countedthe rst phaseends.(2) We allocatea new arraybasecbon
thecountin theroot. Notethatthe countin ary nodeis exact—the
randomizatiornin the rst phaseaandomize®nly theorderin which
nodesarecounted(3) We randomlywalk down theoriginal treeto
nd aleaf, keepinga countof thenumberof elementgo theleft of
this leaf. Then,we copy the Q(logN) elementsn theleafto their
correctlocationin the new array (spreadinghe elementsvenly).
For phasegl) and(3), we marknodeso ensurethatleasesarenot
countedor copiedmultiple timesandto discover whenthe phases
complete.

Correctness

We shaw that our datastructureis correctunderconcurrenoper
ations: the datastructureguaranteesinearizableoperationsaandis
deadlock-free.

The rst lemmashaws thatthe one-way rebalancedoesin fact
move elementsn only onedirection. This lemmadirectly implies
thatsearcheseturnthe correctelements.

Lemma 4. The one-wayrebalancemoves elementsonly to the
right. Thatis, therebalanceopeiation maintainsthe propertythat
thekey at a givenmemorylocationis noninceasing

Proof. Considera rebalancaegion r rangingfrom array slots s,
tosp. Leti = dg(s, s1+ 1)e. Thentheelementsn r arespread
evenlyto adensityof t;.

Assumefor the sale of contradictiorthatanelementin r moves
left during the rebalance Without loss of generality let sg be the
slot of the leftmostelementthat movesleft. Considerthe region
rOrangingfrom s; to 83 1. Let d°be the densityof region r°
Sincespreadingthe elementsevenly in r moves an elementinto
r% we have d°< t;. However, sincer?is containedn r, we have
j= lg(sd s) forsomej i.Thusit; t; dS generatinga
contradictiorastherebalanceegion would ber®

Theproofis similar for deletion-triggeredebalances. []

Theorem 5. Thepaded-memonCO B-Treeis deadlo&-freeand
guaranteedinearizableinsertions deletionsandsearches.

Proof. The deadlock-fregoroof follows directly from the factthat
when an operationholds more than one lock, it always acquires
thesedocksfrom left to right.

Next, we look at the claim of linearizability The array of the
pacled-memoryCO B-Treeis similar to a singlenodein the ex-
ponential CO B-Tree, exceptthe array is slightly more compli-
cated. The importantpropertyaboutupdatedo the arrayis given
in Lemmad4. Thus,we canuseasimilar proofto Theoreml. [

Cache-Oblivious Performance

We next analyzethe costof sequentialbperationsn the pacled-

memoryCO B-Treein termsof block transfersWe rst boundthe

costof the static-search-treepdateandof resizingthe array We

then apply an accountingargumentto concludethat the pacled-

memoryCO B-Treeachiezesthe sameserialcostsasin [8,10,13].
First, we boundthe costof the statictreeupdate.

Lemma 6. Assumehat operationsoccursequentially If a range
of k memonylocationsare modi ed duringanupdatein the paded-
memonyarray, thenupdatingthesearch treecostsO(logg N+ k=B+
1) memonytransfes.

Proof. We canthink of subtree®f thesearchreeascorresponding
to rangesin the paclked memoryarray Updatingthe treerequires
updatingevery nodein a setof subtreeshatconstitutethe rangeof

k memorylocations. The combinednumberof treenodesin these
subtreess lessthan2k, but it remaingto be shavn thatthesenodes

are containedin two subtreeswith total size at most4k. All of
thesesubtreesthereforearelaid outin O(k=B+ 1) blocks.

Additionally, somenodes,not in thesesubtreesalongthe path
to the root mustbe updated. We note that we only updatenodes
with aright child thatchangesThus,we updateonly a singlepath
to theroot, whichrequiresat mostO(logg N + 1) blocks. [

The insertioncostincludesnot only the costof rebalancinghe
arrayandupdatingthe statictree, but alsothe costof resizingthe
array The following lemmaimplies that the arrayis not resized
very frequently

Lemma 7. Considera padked-memonrgrray of sizem. Thenthere
mustbe Wm) insertionsor deletionsbefole thearray is resized.



Proof. Considemaresizingtriggeredby aninsertion.We useanac-
countingagumentto prove the lemma. We give 1 dollar to each
lled slotin thearrayatthetime of thelastresizing.Wheneer an
item is insertedinto someslot, we give that slot 1 dollar. When-
ever anitem is deleted,we leave the dollar in the slot. Wheneer
we rebalancea region of the array we move 1 dollar with each
itemmoved. All excessdollars(i.e.,associateavith itemsthe have
beenremored)aremovedto the rst slotof therebalancedegion.
Clearlyevery nonemptyslothasatleastl dollar associateavith it.

Letd = (tmin I maxy=2—thedensityto which the arrayis re-
sized.Thenwe claimthatary pre x of thearray startingattheleft
boundary(slot 0) andendingat a slot s precedinghe right bound-
ary of the active region, containsat leastsd dollars. This invariant
is clearlytrue atthetime of thelastresizing.It alsotrivially holds
acrosgnsertionsor deletionsthat do not trigger rebalanceslt re-
mainsto be showvn thattheinvariantholdsacrossebalances.

Consideran insertion-triggeredebalancehat rangesfrom slot
s1 to 5. Theinvariantis trivially unafectedfor ary slot s with
s< s 0rs s sincenomoneg movesinto or outof therebalanced
region. It remainsto shav thattheinvariantholdsfor a slot s with
S1  S< $. By assumptionye have atleast(s; 1)d preceding
slots;. Therebalancelgorithmguaranteeshatthe densityof ev-
ery pre x of therebalancedegion is atleastt min. Thusthearray
containsatleast(s; 1)d+ (s s1+ Dtmin  sddollarsby slots.

For completenessaye alsoneedto considera deletion-triggered
rebalancethat rangesfrom slot s; to s,. Considera slot s with
s1  S< $. Therebalancealgorithm again guaranteeghat the
densityof everysufx of therebalancedegionis atmostr max< d.
Thus,sincetheinvariantholdsat slot s, beforethe rebalanceand
all extra dollars are moved to slot s;, we have that the invariant
holdsfor all slotsaftertherebalance.

Now we justapplytheinvariantto completethe proof. Whenan
insertiontriggersa rebalancethe actie region includesthe entire
array Thus, the array containsat leastmd dollars. At the last
resizing,thereweremd=c dollars,wherebothc> 1and0< d< 1
areconstantsThus,theremusthave beenW(m) insertions.

Theprooffor deletion-triggeredesizingss similar. [

Now we boundthe costof resizing. The mainideais that Q(N)
randomchoicess enoughto countQ(N=IgN) leaves.

Lemma 8. Assumehat opetationsoccur sequentially Consider
a paded-memonCO B-TreecontainingN elementsThenthecost
of resizingthe padked-memonyarray is O(N(logg N + 1)) memory
transfes.

Proof. ThereareQ(m~=Ilgm) leaves. We male only O(m) random
leaf selectionswith high probability, beforeselectingevery leafin

phaseq1) and(3). In phase(3), nding a leaf follows a root-to-
leaf pathin thetreewith a costof O(logg m+ 1). Thetotal costof

selectingall theleavesis, therefore O(m(logg m+ 1)).

Copying or countinga Q(lgm)-sizedregion (correspondingo
a treeleaf) of the old arraytakes Q(lgm=B + 1) block transfers.
Sinceeachleaf is countedand copiedoncein phaseg1) and(3),
respectiely, thetotal costof countingandcopying the elementss
Q((m=lgm)(lgn=B+ 1)) = O(m(logg m+ 1)).

Copying algm sizedregion from the old arrayto the new array
takesQ(lgm=B) block transfergsincethearrayis keptneara con-
stantdensity),for atotal costof O(m=B) acrossheentireresize.

Updatingthetreefor thenew arraycostsO(logg m’+ 1) for each
elementcopiedwherenXis the sizeof the new array for atotal of
O(m(logg mP+ 1)) blocktransfers.

SincemandmPareQ(N), thelemmafollows. [

Thefollowing theoremstatesthat we achiese the desiredserial
performance.

Theorem 9. AssumeéhatopemationsoccursequentiallyTheamor
tizedcostof insertionsand deletionsis O(logg N+ Ig?N=B+ 1).

Proof. Thisproofis similarto theonein [20] thatanalyzeghecost
of rebalanceregions extendingonly one direction (but in which
elementanmove in bothdirections).This agumentusesthe ac-
countingmethod placingQ(lg2 m=B) dollarsin anarrayslotonan
insertion/deletion.In particular Q(lgm=B) dollarsare associated
with eachof Ilgm accountscorrespondingo Ilgm densitythresh-
olds. Wheneeraregion of sizek > Igmis rebalancef}, theregion
containsW(k=B) dollarsin an appropriateaccountwith which to
payfor therebalanceOur scenarids differentbecauseegionsare
notnecessarilypowersof 2, andour resizingalgorithmis different.
Whereag20] usesanaccountingargumentthatchagesrebalances
againstthe left half of the region of sizek, we chage againstthe
left subreyion of sizedke=2.

Moreover, we incur a costfor updatingthe statictree on top of
the pacled-memorydatastructureduring a rebalance. Sincewe
have Q(k=B) potentialsared up at the time of a rebalanceof size
k, andatreeupdatecostsO(logg N+ k=B + 1) (from Lemma6) we
canafford thetreeupdate.

Finally, giventhattheremustbe W(N) insertionsbetweerresiz-
ings (seeLemma?), anda resizingscostsO(N(logg N + 1)) (see
Lemmas8), we concludethatthe costof resizingthearrayis amor
tizedto O(logg N + 1) perinsertion. [

5. LOCK-FREE CO B-TREE

We now shov how to transformthe lock-baseddatastructure
in Section4 into a non-blocking,lock-free CO B-tree. Insteadof
usinglocks, we useload-linked/store-conditionalLL/SC) opera-
tions. For the sale of clarity, we will assumehatkeys andvalues
are eacha single word, and can be read and written by a single
LL/SC operation;the datastructureis easily extensibleto multi-
word keys andvalues.

Data structure description

Recall that locks are usedonly in updatingthe pacled-memory
array; the static searchtree is alreadynon-blocking. Insteadof
acquiring locks before modifying the packed-memoryarray we
shav how to usefour basicnon-blockingprimitivesto updatethe
datastructure:(1) move, which movesanelementatomicallyfrom
oneslotin the pacled-memoryarrayto another (2) cell-insertion
which insertsa new key/valuepairinto a givencell in the pacled-
memoryarray (3) cell-deletionwhichdeletesanexisting key/value
pair from a cell in the pacled-memoryarray and(4) read which
returnsthekey andvalueof a givencell in the pacled-memoryar
ray. Eachof theseprimitivesis non-blocking,andmay fail when
otheroperationdnterruptit. For example,a move operationmay
fail if a cell-insertionis simultaneouslyerforminganinsertionat
thetarget.

Mark ers. Eachcellin thearrayis augmentedvith amarker which
indicateswhetheranongoingoperationis attemptingto modify the
cell. Themarker containsall theinformationnecessaryo complete
the operation. For example,a move marker indicatesthe source
andthe destinationof the move. Any processothatis perform-
ing anoperationanddiscoversa marked cell helpsto completethe
operationindicatedby the marker. For example,considera move
operatiorthatis attemptingto move anelementrom cell 14to cell
15, while concurrentlya cell-insertis attemptinginsertanelement
atcell 15. First, thecell-insertupdategshe marler atcell 15. Then,

4We cantrivially payfor ary smallrebalancesvith the costof in-
sertingthenew element.



the move attemptsto updatethe marker, and discovers the con-
currentinsertion. The move operationthenperformstheinsertion,
beforeproceedingvith the move. In this way, the move caneven-
tually complete gvenif theprocessoperformingthecell-inserthas
failed,or beenswappedout of memory

The primitive operationswhich modify the datastructure(i.e.,
move, cell-insert,and cell-delete)are all initiated by markingan
appropriatecell. Oncea cell hasbeenmarked, ary processorcan
completethe operationby simply processinghe marker. In order
to begin amove operationthe sourceof themoveis updated For a
cell-deleteoperationthecell containingtheelemento bedeleteds
marked. A cell-insertoperatiormarksthecellimmediatelypreced-
ing thecell wherethenew elemenis beinginserted A requirement
of acell-insertis thatthis precedingcell notbeempty By marking
the precedingcell, we prevent a concurrentmove operationfrom
moving anelement'over” anongoingcell-insertion.For example,
if acell-insertis happeningtcell 15, we mustpreventtheelement
from cell 14 (or ary smallercell) from beingmovedto cell 16 (or
ary larger cell); otherwise the nev elementmight not be ordered
correctly

We believe thatit is possibleto implementa lock-free pacled-
memory CO B-Tree using compare-and-sap, insteadof LL/SC,
by addingversiontagsto the marlers.

Implementing the nonblocking primiti ves. For a move opera-
tion, oncethe sourcehasbeensuccessfullymarked,anLL opera-
tion is performedon the following items: (1) the marler, (2) the
sourcekey, (3) thesourcevalue,(4) thedestinatiorkey, and(5) the
destinationvalue. Then,an SCis performedon the marker, rewrit-
ing the marker. This techniqueensureghatno concurrenfprocess
hasmodi ed the marker in anattemptto help completethe move.
The move thencompleteshy using SCto updatethe keys andval-
uesatthe destinationandthenat the source.lf an SCfails during
this nal stage,t is ignored;someconcurreniprocesshasalready
helpedto completethe move. Finally, themarleris cleared.

Foracell-insert,oncetheprecedingell hasbeenmarked,thein-
sertperformsa LL onthemarler, andthenon thekeys andvalues
atthenew cell. If thekey is alreadyin thetree,thenanerroris re-
turned.If thecell is notempty anerroris returned.Theinsertthen
rewritesthemarlerwith an SC,ensuringthatit hasnot changedn
theinterim. Finally, the key andvalueareupdatedandthe marker
is cleared A cell-deletes essentiallyidenticalto a cell-insert.

Finally, areadoperationsimply examinesa cell, helpsoutif the
cellis marked,andreturnsthe appropriatevalues.

Insertions and deletions. An insertionproceedsas before, rst
using the static searchtreeto nd and mark the appropriatecell
in the array thatis, the cell containingthe largestkey in the tree
thatis lessthanor equalto the key beinginserted.Oncethecell is
marked, a cell-insertbegins. If theinsertionsucceedsthe element
is successfullyinserted. If the cell-insertionfails, however, then
eitherthe cell is not emptyor a move causednterference.ln this
casewe needto rebalancehearray

A rebalanceébegins by exploring to the right, asbefore. In this
casehowever, it remembersvhichcellswere lled andwhichwere
empty It performsa load-link (LL) operationon eachnon-empty
cell; eachof thesemarked cells may needto be moved, andthe
move is initiated by performingan SC on the marler. In this way,
therebalanceperationcandetectwhenthearrayhaschangediur
ing therebalance.

Whenanappropriatelysparseegionis found, the operationcan
calculatethe appropriatespacingof the elementsin the array as
before. Therebalancahenproceeddrom right to left usingmove

operationgo spreadelementsevenly. (Elementsare only moved

from left to right, asbefore.)If ary move fails, thenthe rebalance
restarts. In particular a move may fail if ary of the marlershas

changedsincethey wereinitially linkedduringthe scanningphase
of therebalancelf atary time duringtherebalancewe otherwise
detectthatthearrayhaschangedthentherebalanceestarts.

Deletionsare similar to insertions.We rst searchfor the item
to be deleted,andthen performa cell-deletion. Finally, we scan
to theright until discoveringa non-emptycell, andthenperforma
rebalanceUnlike therebalanceon insertions however, this opera-
tion scango theleft, looking for adenseregion (asis describedn
Sectiord).

All otherdatastructureoperationproceedasbefore;afterthear
ray hasbeenupdatedisingthe non-blockingprimitives,thesearch
treeis updatedo re ect thechangesWhenresizingthearray load-
link/store-conditionals usedo atomicallywrite thecountof aleaf,
insteadof alock.

Correctness

Theorem 10. Thepaded-memonCO B-Treeguaranteedinear-
izableseach, insert,anddeleteopefations.

Proof. If akey isin thedatastructureandthedatastructureremains
in sortedorder thena searchwill nd it: thestatictreeis updated
afterthepacled-memonyarray andelementsareonly movedto the
right in the pacled-memoryarray;it is thereforeeasyto seethata
searchalwaysexits the statictreeto theleft of thekey in question.

The key property then,is thatthe elementsn the arrayremain
in sortedorder If they alwaysremainin sortedordet thenasearch
will correctly nd ary previously insertedelementor ary element
returnedby a prior searchandit fail to nd a previously deleted
elementasis required.

In orderto showv thatelementsemainin order we examinehow
elementsareinserted. An importantinvariantis thatif a cell is
marled for a cell-insert,thenthe cell containsthe largestkey that
is lessthanor equalto thekey beinginserted Initially, onacquiring
amarler, this invariantis ensuredy the correctnessf the search
which locatesthe insertioncell, andthe useof LL/SC to acquire
themarleratomically

Throughoutheinsertion thisinvariantis maintainedy theway
in which a rebalancemoves elements. In particular a rebalance
never movesanelementrom onesideof amarkedcell to another
In particular whenerer arebalancenovesanelementall theinter-
veningcellsareempty This propertyis checled while the rebal-
ancescango theright, determiningthe region to rebalancexndsi-
multaneouslhperformingaload-link (LL) on eachnon-emptycell
in the region. The only way this propertyof a rebalancecanbe
violatedis if anelements insertedor moved betweenwhenthere-
gion is scannedndthe rebalancenovesan element.In this case,
however, the SCwhich acquiregshe move marler fails.

As aresult,elementarealwaysinsertedn order andrebalances
never move elementsout of order Combinedwith the fact that
searcheserminatecorrectly we have themainresult. [

Theorem 11. Thepaded-memoryCO B-Treeis a lock-freedata
structure.

Proof (sketch). We needto shaw thatif thereis at leastone on-
going operation,then eventually someoperationcompletes. An
operationcanonly be delayedby pausingto helpa concurrenpp-
eration,or by workingonarebalancelf anoperations delayedoy
helpinganinsertionor deletionto complete thensomeoperation
hascompletedasdesired.

Thereforethe key requirements to shav thatrebalancesannot
preventoperationdrom makingprogress.If arebalancas forced



to restartbecausef a successfuinsertionor deletion,thensome
otheroperatiorhascompleted.

A rebalancanay alsorestartbecausef interferenceby a con-
currentrebalanceln this case however, sinceelementsaremoved
only to the right, whenthe rebalanceestartsit has(strictly) less
work to do thanin the abortedrebalanceln particular the concur
rent rebalancehat forced a restartmusthave moved at leastone
of theitemsin theregion to theright, thusreducingthe amountof
rabalancinghecessarySinceevery time arebalanceestartst has
lesswork to do, eventuallytherebalanceompletes. []

6. CONCLUSIONS AND FUTURE WORK

This paperexploresarangeof issuefor makingcache-oblrious
searchstructuresconcurrent.We considerboth locking and lock-
free solutions.Eachof theseapproachebaspracticalandtheoret-
ical merits,andwe make no judgementaboutwhich approachs
best. A third approachwhich we do not considerhere,is to use
transactionamemoryto supportconcurrenyg. This approactmay
leadto simplercodingandseveralnew data-localityissues.

Likemary previousconcurreng studiesthis paperanalyzesini-
formly randominsertions. This analysisdoesnot reveal all the
designprinciplesthat went into our datastructures. In particu-
lar, in the exponentialtrees the parameter tunesthetradeof be-
tweenlow-concurreng and high-concurreng performanceof the
tree.Whena is larger, serialoperationsn thetreearefasterwhen
a is smaller the treesupportsincreasedconcurreng andreduced
contention. Moreover, the randomizedhatureof the treereduces
contentionat high levelsin thetree,by temporallyspacingout up-
datesgvenwheninsertionsareadwersarial.

This paperfocuseon correctnesgssueanorethanperformance
issues.In particular in orderto getperformancegyuaranteeshere
aredifferentinsertionpatterngsuchasad\ersarial) differentpro-
cessmodels(suchas different speedsand changingspeeds)and
differentmodelsof memory(suchasqueuingon memorylocations
for both readsand writes). Sometechniquedrom the designof
overlay networks mayto carryover to thesemodels.

A natural extensionof the one-way pacled-memorystructure
from Sectiord is toimplementhestructureascirculararray Using
thecirculararraymayleadto lessmemoryallocation.While a cir-
cularimplementationis straightforvard for the serialandlocking
casesit is morecomple in thelock-freesetting.
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