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ABSTRACT
This paperpresentsconcurrentcache-oblivious (CO) B-trees.We
extend the cache-oblivious model to a parallel or distributedset-
ting andpresentthreeconcurrentCO B-trees.Our �rst datastruc-
ture is a concurrentlock-basedexponentialCO B-tree. This data
structuresupportsinsertionsandnon-blockingsearches/successor
queries. The secondandthird datastructuresare lock-basedand
lock-free variations,respectively, on the packed-memoryCO B-
tree. Thesedatastructuressupportrangequeriesanddeletionsin
additionto the otheroperations.Eachdatastructureachievesthe
sameserialperformanceastheoriginal datastructureon which it
is based. In a concurrentsetting,we show that thesedatastruc-
turesarelinearizable,meaningthatcompletedoperationsappearto
an outsideviewer as thoughthey occurredin someserializedor-
der. Thelock-baseddatastructuresarealsodeadlockfree,andthe
lock-freedatastructureguaranteesforwardprogressby at leastone
process.

Categoriesand SubjectDescriptors: D.1.3Programming Tech-
niquesConcurrentProgramming—parallel programming;E.1Data
Structur esDistributedDataStructures;E.1DataStructur esTrees;
G.3Probability and StatisticsProbabilisticalgorithms;

GeneralTerms: Algorithms,Theory.

Keywords: Cache-ObliviousB-tree,ConcurrentB-tree, Non-
Blocking,Lock Free,ExponentialTree,Packed-MemoryArray.

1. INTRODUCTION
For over threedecades,theB-tree[5,14] hasbeenthedatastruc-

ture of choicefor maintainingsearchable,ordereddataon disk.
Traditional B-treesare effective in large part becausethey mini-
mize thenumberof disk blocksaccessedduringa search.Specif-
ically, for block sizeB, a B-treecontainingN elementsperforms
O(logBN + 1) block transfersperoperation.B-treesaredesigned
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to achieve gooddatalocality at only onelevel of thememoryhier-
archy andfor one�x edblocksize.

In contrast,cache-oblivious(CO)B-treesattainnear-optimalmem-
ory performanceat all levels of the memoryhierarchy andfor all
block sizes(e.g., [7–9,11,13]). A CO B-tree performsa search
operationwith O(logBN + 1) cachemissesfor all possibleblock
sizessimultaneously, andevenwhentheblocksizeis unknown. In
a complex memoryhierarchy consistingof many levels of cache,
the treeminimizesthenumberof memorytransfersbetweeneach
adjacentcachelevel. ThusCO B-treesperformnearoptimally in
theory, andin recentexperimentshave shown promiseof outper-
forming traditionalB-trees[12,19].

Oneshortcomingof previouslydescribedCOB-treesis thatthey
do not supportconcurrentaccessby differentprocesses,whereas
typical applications,suchas databasesand �le systems,needto
accessandmodify their datastructuresconcurrently. This paper
describesthreeconcurrentCO B-treedatastructures,provesthem
correct, and presentsperformanceanalysisfor a few interesting
specialcases.Therestof this introductionreviews CO B-treesand
explainstheconcurrency problem.

Cache oblivious B-trees
We �rst review the performancemodelsusedto analyzecache-
ef�cient datastructures,andthenreview threevariationson serial
cache-obliviousB-trees.

External-memorydatastructures,suchasB-trees,aretradition-
ally analyzedin thedisk-accessmodel(DAM) [1], in whichinternal
memoryhassizeM andis dividedinto blocksof sizeB, andexter-
nal memory(disk) is arbitrarily large. Performancein the DAM
modelis measuredin termsof thenumberof block transfers.Thus
B-treesimplementsearchesasymptoticallyoptimally in theDAM
model.

Thecache-obliviousmodel[15,26] is liketheDAM modelin that
theobjective is to minimize thenumberof datatransfersbetween
two levels.Unlike theDAM model,however, theparametersB, the
blocksize,andM, themain-memorysize,areunknown to thecoder
or to thealgorithm.If analgorithmperformsanearlyoptimalnum-
berof memorytransfersin atwo-level modelwith unknown param-
eters,thenthealgorithmalsoperformsa nearlyoptimalnumberof
memorytransfersonany unknown, multilevel memoryhierarchy.

A CO B-tree[8] achievesnearlyoptimal locality of referenceat
every level of the memoryhierarchy. It optimizessimultaneously
for �rst- andsecond-level cachemisses,pagefaults,TLB misses,
dataprefetching,andlocality in thedisk subsystem.Althoughthe
�rst CO B-treeis complicated[8], subsequentdesigns[10,13,19,
27] rival B-treesboth in simplicity andperformance[6,10,13,19,
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Figure 1: ThevanEmdeBoaslayout from [26]. A treeof heighth is cut
into subtreesat heightnearh=2, so eachsubtreeis Q(

p
N) in size. This

exampleshows thelayoutof a treewith 8 leaves.

21,27]. Indeed,preliminaryexperimentshaveshown, surprisingly,
thatCO B-treescanoutperformtraditionalB-trees,sometimesby
factorsof morethan2 [12,19].

Thereare two main approachesto implementingserial CO B-
trees. One approachis basedon packed-memoryarraysand the
otheronexponentialsearchtrees.Bothapproachesemploy astatic
COsearchtree[26] asabuilding block.

A staticCO searchtreecontainsa setof N orderedelementsin
a completebinary tree. It executessearchesusingO(logB N + 1)
memorytransfers.Theelementsarelaid out in anarrayusingthe
vanEmdeBoaslayout(seeFigure1). Eachnodein thebinarytree
is assignedto apositionin a length-N array. To performthelayout,
split the treeat roughly half its height to obtainQ(

p
N) subtrees

eachwith Q(
p

N) nodes.Eachsubtreeis assignedto a contiguous
portionof thearray, within whichthesubtreeis recursively laid out.
Thearrayis storedin memoryor diskcontiguously.

A staticCOsearchtreeexecutessearchesin O(logBN+ 1) mem-
ory transfers[26]. To understandthis bound,considerthedecom-
positionof the treeinto subtreesof sizebetween

p
B andB. The

depthof eachsubtreeis at leastlg
p

B, soany root-to-leafpathen-
countersat most lgN=lg

p
B = 2logB N subtrees.Eachof these

subtreescancrossat mostoneblock boundary, leadingto 4logBN
memorytransfersin the worst case.This analysisis not tight. In

particular, [6] provesaboundof
�

2+ 6p
B

�
logBN+ O(1) expected

memorytransfers,wheretheexpectationis takenover therandom
placementof thetreein memory.

Thepacked-memoryarray[8,17] appearedin theearliestserial
dynamicCOB-tree[8] andsubsequentsimpli�cations[11,13]. The
packed-memoryarraystoresthekeys in order, subjectto insertions
and deletions,and usesa static CO searchtree to searchthe ar-
ray ef�ciently . The idea is to storeall of the leaves of the tree
in order in a single large array. If all the elementswere packed
into adjacentslotsof thearraywith no spaces,theneachinsertion
would requireO(N) elementsto bedisplaced,asin insertionsort.
The�x to thisproblem(known by every librarian)is to leavesome
gapsin thearraysothatinsertionsanddeletionsrequireamortized
O(log2N=B+ logBN + 1) memorytransfers.Theamortizedanal-
ysisallows thatevery oncein a while thearraycanbecleanedup,
e.g.,whenspaceis runningout.

An exponentialsearchtree[2,3] canbeusedto transformastatic
CO searchtreeinto a dynamicCO B-tree[7,27]. An exponential
searchtreeis similar in structureto aB-treeexceptthatnodesvary
dramaticallyin size,thereareonly O(loglogN) nodesonany root-
to-leafpath,andtherebalancingscheme(wherenodesaresplit and
merged)is basedon someweight-balanceproperty, suchasstrong

weightbalance[4, 8,23,25]. Typically, if a nodecontainsM ele-
ments,thenits parentnodecontainssomethingnearM2 elements.
Eachnodein thetreeis laid out in memoryusingavanEmdeBoas
layout,andthebalancingschemeallowsupdatesto thetreeenough
�e xibility to maintainthe ef�cient layout despitechangesin the
tree.

The concurrency problem
Concurrency introducesanumberof challenges.A nä�veapproach
would lock segmentsof thedatastructureduringupdates.For ex-
ample,in a traditional B-tree, eachblock is locked beforebeing
updated.Unfortunately, in theCOmodelit is dif�cult to determine
thecorrectgranularityat which to acquirelocksbecausetheblock
sizeis unknown. Locking too small a region may result in dead-
lock; locking too largea regionmayresultin poorconcurrency.

Second,in mostdatabaseand�le-system applications,searches
are more commonthan insertsor deletes,so it is desirablethat
searchesbenon-blocking, meaningthateachsearchcancontinueto
make progress,even if otheroperationsarestalled. Our solutions
in thispaperdonot requiresearchoperationsto acquirelocks.

Another problemariseswith maintainingthe “balance” of the
datastructure. Both main approachesto designingserial CO B-
treesrequirecarefulweightbalanceof thetreesto ensureef�cient
operations.With concurrentupdates,thebalancecanbedif�cult to
maintain.For example,theamortizedanalysisof apacked-memory
arrayallowsaprocessto rewrite thedatastructurecompletelyonce
in a while. But if the rewrite acquireslocks which prevent other
processorsfrom accessingthedatastructure,thentheaveragecon-
currency drops:onaverageonly O(1) processescanaccessthedata
structureconcurrently.

Finally, there is a signi�cant asymmetrybetweenreadingand
writing thememory. Weanalyzeourdatastructuresunderthecon-
currentread,exclusive write (CREW) model. Two processescan
reada locationin memoryconcurrently, sincetwo cachescansi-
multaneouslyhold the sameblock in a read-onlystate. In fact, it
may be preferableif partsof the datastructure,e.g.,the root, are
accessedfrequentlyandmaintainedin cacheby all processes.On
theotherhand,whenmultipleprocessesattemptto write to ablock,
thememoryaccessesto theblockareeffectively serialized,andall
parallelismis lost.

We respondto thesechallengesby developingnew serial data
structuresthat are more amenableto parallel accesses,and then
weapplyconcurrency techniquesto developourconcurrentCOB-
trees.

Our results
This paperpresentsthree concurrentCO B-tree data structures:
(1) an exponentialCO B-tree(lock-based),(2) a packed-memory
COB-tree(lock-based),and(3) apacked-memoryCOB-tree(non-
blocking). We show thateachdatastructureis linearizable, mean-
ing thateachcompletedoperation(anda subsetof the incomplete
operations)can be assigneda serializationpoint; eachoperation
appears,from an externalviewer's perspective, asif it occursex-
actly at the serializationpoint (see,e.g.,[16,22]). We alsoshow
thatthelock-baseddatastructuresaredeadlock free, i.e., thatsome
operationalways eventually completes. We show that the non-
blocking B-tree is lock-free; that is, even if someprocessesfail,
someoperationalwayscompletes.Whenonly oneprocessis ex-
ecuting,the treesgain all the performanceadvantagesof optimal
cache-obliviousness;for example,they executeoperationswith the
sameasymptoticperformanceasthe non-concurrentversionsand
behave well on a multi-level cachehierarchy without any explicit
codingfor the cacheparameters.Whenmorethanoneprocessis
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Figure 2: An exponentialCO B-Tree.Nodesgrow doublyexponentiallyin theheightof thetree.Thedark-graykeys of internalnodespoint to thesmallest
key in thecorrespondingsubtree.Datais storedin theleaves.Thelight-graykeys of internalnodesindicatetheright-key. Eachnodehasa right-link pointer,
forminga linkedlist ateachlevel in thetree.

executing,theB-treesstill operatecorrectlyandwith little interfer-
encebetweendisparateoperations.

Roadmap
Therestof this paperis organizedasfollows. Section2 describes
our concurrentCO model. Section3 presentsa lock-basedexpo-
nentialCOB-tree.Section4 presentsalock-basedpacked-memory
COB-tree,whereasSection5 presentsa lock-freepacked-memory
CO B-tree.Section6 concludeswith a discussionof otherwaysto
build concurrentCOB-treesandof openproblems.

2. THE CONCURRENT CO MODEL
In this sectionwe describethe concurrentCO model,andthen

discusstheconcurrency mechanismsusedthroughoutthispaper.
TheCOmodel,asintroducedin [15,26],modelsasinglelevel of

thememoryhierarchy. Themodelconsistsof two components:the
mainmemoryanda cacheof sizeM. Both aredividedinto blocks
of sizeB. The valuesof M andB areunknown to the algorithm,
hencethetermcacheoblivious.

In this paperwe extendthe model to a parallel (or distributed)
settingconsistingof P processors.We considerthe casewhere
eachprocessorhasits own cacheof sizeM=P. A blockmayreside
in multiple caches,in which caseit is marked in eachcacheas
shared. A blockthatis markedexclusivecanresidein only asingle
cache.A processorcanperformwrite operationsonly onblocksfor
which it hasobtainedexclusiveaccess.

If multiple processorsconcurrentlyrequestsharedaccessto a
block,theblock is placedin eachof thecachesandmarkedshared.
If a processorrequestsexclusive accessto a block, the block is
evicted from all other cachesand is marked exclusive; all other
concurrentrequestsfor sharedor exclusiveaccessfail. If acacheis
full, eachsuccessfulrequestresultsin anold block beingevicted;
weassumethattheleastrecentlyused(LRU) block is evicted1.

Eachrequestfor ablockcostsonememorytransfer, regardlessof
whetherthe block is requestedsharedor exclusive andregardless
of whethertherequestis successful.Thereis no fairnessguarantee
thataprocessoris eventuallysuccessful.A singlereador write op-
erationmay, in fact,bequiteexpensive,resultingin a largenumber
of unsuccessfulblock requestsif therearemany concurrentwrite
requests.

We make useof two differenttypesof supportfor concurrency.
For muchof thepaper, weuselocksto synchronizeaccessto pieces
1Theresultsin thispaperholdfor any reasonablereplacementstrat-
egy. Unlike in theoriginalCOmodel,wedonotassumeanoptimal
replacementstrategy. Onedif�culty in theconcurrentsettingis that
it is unclearwhat“optimal” meansbecausechangesto thereplace-
mentpolicy affect theschedulingof theprogram.

of memory. When consideringnon-blockingalgorithms,we use
load-linked/store-conditional(LL/SC) operations. An LL opera-
tion readsthe memoryandsetsa link bit. If any otheroperation
modi�es the memory, the link bit is cleared. An SC operation
writes the memoryonly if the link bit is still set; otherwisethe
memoryremainsunchanged.Thisapproachavoidsthewell-known
ABA problemthatariseswith compareandswap(CAS).Therehas
beenmuchresearchshowing how to implementLL/SC with CAS
andvice versa,implying that in somesensesthey areequivalent
(e.g.,[18,24]) andwe believe it is not dif�cult to modify our con-
structionfor thesomewhatmorecommonCASoperation.

3. EXPONENTIAL CO B­TREE
This sectionpresentsour �rst concurrentCO B-tree. We �rst

describethe datastructure.We thenprove correctnessandgive a
performanceanalysis.Weconcludeby discussingsomeinteresting
aspectsof thisdatastructure.

Data structure description
Thedatastructureusesastronglyweight-balancedexponentialtree[2,
3,7,27] to supportsearchesandinsertions.Eachnodein the tree
containschild pointersand a pointer to the node's right sibling
(right-link) (seeFigure2). A nodemaintainsthe setof keys that
partition its childrenandthe key (right-key) of the minimum ele-
mentin theright-link's subtree.

We now describethe protocolfor searchesandinsertions.The
treeis parameterizedby a constanta, for 1 < a < 2, which affects
theheightof the tree. We saythata leaf hasheight0, anda node
hasheightonemorethanits children.

To search for a key k, we begin at the root of the treeandfol-
low child pointersor sibling pointersuntil we reachthe leaf con-
taining the target element. At eachintermediatenodewe exam-
ine right-key. If right-key is smaller than k, then we follow the
right-link pointer. Otherwise,we proceedto theappropriatechild.
On reachinga leaf, thesearchcontinuesto follow right-link point-
ers until either k is found, in which casethe searchreturnsthe
value, or a key larger than k is found, in which casethe search
fails. Weacquireno locksduringthesearch.

To insert key k, we �rst searchfor the leaf wherek shouldbe
inserted,acquirealock ontheleaf,performtheinsertionattheleaf,
andreleasethelock. Next we determinewhetherthekey k should
bepromotedor whethertheinsertionis complete.We promotethe
key k in theleaf to height1 with probability1=2. Whenpromoting
k, we reacquirethe lock andsplit the leaf u containingk. Nodeu
keepsall of the keys lessthank, andthe new leaf acquiresall of
the keys greaterthanor equalto k. We thenreleasethe lock and
insertthepromotedkey k into theparentof u. More generally, if
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Figure4: Themodi�ed vanEmdeBoaslayoutof anodein theexponential
COB-Tree.This �gure showsthelayoutof thenodegivenastherootof (a)
in Figure3

we inserta key k into a nodeu0 of heighth, we promotek from
heighth to heighth+ 1 with probability 1=2ah

, which meanswe
reacquirethe lock, split u0, releasethe lock, andinsertk into the
parentof u0. Figure3 givesanexampleof aninsertandpromotion.

In orderfor nodesto besearchedef�ciently , thekeys in a node
arelaid out usinga modi�ed vanEmdeBoaslayoutsothata node
of size k can be traversedwith Q(logB k + 1) memorytransfers.
An exampleof the modi�ed layout is depictedin Figure4. The
nodeis divided into two pieces:a size-ddkee array2 �lled from the
left holdingall thekeys in a node,anda completeddkee-leaf static
CO searchtreeusedto ef�ciently searchfor anarrayslot. Thei-th
leaf of thesearchtreepointsto the i-th arrayslot. In particular, a
leaf containingk in the searchtreepointsto k in the array. This
approachis reminiscentof [10] andreappearsin Section4. The
staticCO searchtreeconsistsof keys laid out in a vanEmdeBoas
layout [26]. This layout consumes(roughly) the �rst 2=3 of the
memoryusedby a node.The�nal 1=3 of thememorycontainsthe
keysstoredin orderasavector. A searchwithin anodeendsat the
locationof thekey in thevector.

Whenwe rewrite a node(eitherbecausethekey is insertedinto
thenodeor becausethenodeis split), we updatethemodi�ed van
EmdeBoaslayout asfollows. First we rewrite the vectorof keys
(the right half of the node),proceedingfrom largestto smallest.
Thenwe updatethe van EmdeBoaslayout in the left half. This
layoutensuresthatwecanperformconcurrentsearchesevenwhile
thenodeis beingupdated.If aninsertis performedwhenthevector
of keys is alreadyfull, weallocateanew nodeof twice thesize.

Correctness
We �rst argue that the datastructureis correct,even undercon-
currentoperations.Themostcommonway of showing thatanal-
gorithm implementsa linearizableobject is to show that in every

2Thehyperceiling of x, denotedddxee, is de�ned to be2dlogxe, i.e.,
thesmallestpowerof 2 greaterthanx.

executionthereexists a total orderingof the operationswith the
following properties:(1) theorderingis consistentwith thedesired
insert/searchsemantics,and(2) if oneoperationcompletesbefore
anotherbegins, thenthe �rst operationprecedesthesecondin the
ordering.Linearizabilityfollowsdueto astraightforwardextension
of Lemmas13.10and13.16in [22].

Theorem 1. TheexponentialCO B-Treeguaranteeslinearizable
insertionsandsearchesandis deadlock-free.

Proof. In order to show that an appropriatetotal orderingof the
operationsexists,we needto show that if anoperationcompletes,
all later operationsare consistentwith it. If an insert operation
�nishes insertinga key k at level 0, or a search�nds a key k at
level 0, thenany latersearchalso�nds key k.

First, noticethatat every level of thetree,thekeys arestoredin
order. That is, if the largestkey in nodeu is k, thenthe smallest
key in nodeu:right-link is larger thank. This fact follows from
the two ways in which a nodeis modi�ed. First, a nodemay be
split, sayat key k. In this case,thesplit operation,protectedby a
lock, preservesthis invariant,moving k andall largerelementsinto
anew nodethatcanbereachedby right-link. Second,akey k may
beinsertedinto a node.In this case,thenodeis lockedduringthe
insertion,andsomeof theelementsin the vectorhalf of the node
moveonepositionto theright to make roomfor k.

This orderingof keys impliesthat if key k is in theleaf nodeof
the treewhena searchbegins, thenthroughoutthe search,a leaf
containingkey k is reachableby thesearch.Thesearchbeginsat
theroot, andevery leaf is reachablefrom theroot. We proceedby
induction:at eachstepof thesearch,achild pointeris chosenwith
aminimumkey nogreaterthank. Theonly interestingcaseis when
thechild nodeis concurrentlysplit. Evenin thiscase,however, the
child nodealwayscontainsakey nogreaterthank, sinceeverwhen
a nodeis split it alwaysmaintainsits minimal key. We conclude
thatk is still reachable.

Finally, deadlock-freedomfollows immediately, sinceeachpro-
cessholdsonly onelock ata time.

Cache-oblivious performance
We �rst considerthe costof individual operationswhenthe data
structureis accessedsequentially. We then analyzethe concur-
rent performancefor the specialcasewhensearchand insertop-
erationsareperformeduniformly at random.In bothcases,we use
thecache-obliviouscostmodel,countingonly cachemisses.

Theorem 2. Assumethatoperationsoccursequentially. A search
in an N-nodetreetakesO(logBN + loga lgB) block transfers,with
highprobability; an inserttakesO(logBN+ loga lgB) block trans-
fers in expectation.

Proof. First, noticethat if a treecontainsN keys, thenwith high
probabilityevery nodein the treehasheightlessthanloga lgN +
O(1). Speci�cally, the probability that any key is promotedto
heightloga lgN + c is O(n� ac+1).
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Alsonoticethatif u is anodeof heighth, thenthenumberof keys
in u is O(2ah

) in expectationandO(2ah
lgN) with highprobability.

For h = W(loga lg lgN), that is, whentheexpectednodesizeis at
leastW(lgN), thenumberof keys is O(2ah

) with highprobability.
We now calculatethe cost of a searchoperation. Searchinga

nodeof heighth, laid outin themodi�ed vanEmdeBoaslayout,for
thecorrectchild pointertakesO(logB(2ah

) + logB lgN + 1) mem-
ory transfers,with high probability. For nodeswith expectedsize
at leastW(lgN), thecostis O(logB(2ah

) + 1) with highprobability.
We sumthecostsfor all levels,rangingfrom i = 0 to loga lgN + c
(with highprobability):

Q

 
loga lgN+c

å
0

logB(2ah
) +

loga lg lgN

å
0

logB lgN

!

:

The right term sumsto O(logBN). For the left term,we consider
two cases,dependingon whetheror not the sizeof the nodeis at
leastB. For all levels wherethe nodesareof sizeat leastB, the
costis dominatedby the root node(or possiblya nodejust below
theroot). For nodesof sizelessthanB, theblock transfercostis at
most2. Therefore,with high probability, thetotal costof a search
is O(ac logBN + loga lgB).

We next calculatethe costof an insertoperation.Considerthe
expectedcost of insertinga key at height h of the tree. Recall
thatwe promotea key from level h� 1 to level h with probability
2� ah� 1

. Thus,theprobabilityof promotinga givenkey to heighth
is 2� (ah� 1)=(a� 1). Thecostof insertinga key into a nodeat height
h, giventhat thekey reachesheighth, is thecostof rebuilding the
entirenode,which is O(1+ 2ah

lgN=B) with highprobability.
Therefore,the expectedcostat heighth is the probability that

the insertionreachesheight h times the cost of rewriting a node
at heighth. Theexpectedcostis thereforeO(2� c0(ah� 1) logN=B),
where0 < c0< 1 dependsonthevalueof a. Thesummationacross
all loga lgN+ O(1) levels,then,is O(lgN=B) � O(logBN). Hence
the total expectedcostof an insertis thecostof searchingfor the
right placeto do the insertionplus thecostof doing the insertion.
Thatis, thecostis O(logBN + loga lgB).

Noticethatif therearealargenumberof concurrentsearchoper-
ations,but no insertoperations,eachsearchoperationincursacost
of O(logBN + loga lgB), thesameasin thesequentialcase.

If therearemany concurrentsearchesandinsertions,theperfor-
mancemaydeteriorate.Theperformanceof concurrentB-treesis

dif�cult to analyzesinceit dependssigni�cantly on theunderlying
parallelismof thealgorithmusingthedatastructure.For example,
if a largenumberof processesall try to modify a singlekey, then
the operationsare inherentlyserialized,and thereis no possible
parallelism.As a result,for mostconcurrentB-treeconstructions
(andin fact,mostconcurrentdatastructures),little is statedabout
theirperformance.Weanalyzethe“optimally parallel,” casewhere
eachsearchandinsertionoperationtargetsa randomlychosenkey,
andshow thatthedatastructurestill yieldsgoodperformance.

Theorem 3. Assumethatall processorsaresynchronous,anda <
3=2. If O(N3� 2a=lgN) search andinsertoperationsareperformed
uniformlyat randomin an N-nodetree, thentheexpectedcostfor
anoperation is O(logBN + loga lgN) block transfers.

Proof. Notice that in the absenceof concurrentinsertoperations,
eachsearchoperationtakesO(logB N + loga lgB) block transfers.
If an insertoperationdelaysa search,we charge that cost to the
insertoperation.

An insertoperationhasfour costs: �nding the insertpoint, ac-
quiringthelock, performingtheinsertion,anddelayingotheroper-
ations.As in thecaseof searches,�nding theappropriateinsertion
point costsO(logB N + loga lgB) plus any delayscausedby other
insertoperations.Again,thisdelayischargedto theoperationcaus-
ing thedelay.

The cost of performingthe insertionitself is equivalent to the
sequentialcase:O(logBN + loga lgB) block transfers.

It remainsto calculatetheeffectsof concurrency: thecostof ac-
quiringthelock andthecostof delayingotheroperations.Consider
theexpectedcostincurredby a delayingoneparticularconcurrent
operationat somelevel h. Therearethreecomponentsto calculat-
ing this cost: (1) theprobability that the insertreacheslevel h, (2)
theprobability that the insertoccursin thesamenode,and(3) the
actualcostincurredby delayingtheconcurrentoperation.

First, asin Theorem2, an insertoperationreacheslevel h with
probability2� (ah� 1)=(a� 1).

Next, aninsertchoosesthesamenodeat level h with probability
2(ah+ 1� 1)=(a� 1)=N, sincethe expectednumberof nodesat level h
is equivalentto thenumberof elementspromotedto level h+ 1.

Finally, we considertherealcostof delayingany oneoperation
at level h. The expectedsize of a nodeat level h in the tree is
O(2ah

). Thereforetheconcurrentoperationcanatmostbedelayed
by O(2ah

), which is the costof performingonememorytransfer
for eachelementin thenode. Notice that this worst-caseanalysis



makesno useof the cache:in the caseof a searchoperation,the
block may be repeatedlytransferredback and forth betweenthe
searchoperationand the insert operation. Moreover, the search
mayhave to readtheentirenode(ratherthansimplydoanef�cient
binary search)sincethe contentsof the nodearechangingduring
the search.The sizeof the nodealsoboundshow long the insert
mayneedto wait to acquirethelock.

We now sum over the possibleheightsin the tree. Consider
h � hmax = loga lgN + loga (a � 1), which is the point at which
the secondterm reaches1. Multiplying the threetermsresultsin
an expectedcostof 22ah

=N. In the worst case,whereh = hmax,
this expressionis equalto N2a� 3; for smallerh, thecostdecreases
geometrically. Sincethereareat mostN3� 2a=lgN concurrentop-
erations,the expectedcost per level is O(1). Summingover all
levels� hmax leadsto anexpectedcostof O(loga lgN).

Next considerthecasewhereh � hmax. Notice that thesecond
term never exceedsone. The �rst and third termsdecreasegeo-
metricallylikeO(1=2ah

), sincethetreeis unlikely to exceedheight
hmax, so again the sum is boundedby the term h = hmax, asbe-
fore.

Noticethatin aconcurrentsetting,theexpectedcostisO(logB N+
loga lgN), insteadof O(logB N + loga lgB) in thesequentialcase.
Theadditionalcostis incurredwhentwo operationsinterfere.

Discussion
One interestingaspectof this datastructureis parameterizingof
the treeby a. By skewing the treewider (ratherthandeeper),we
reducetheconcurrency at theroot, thusimproving theoverall per-
formance. Whena is closerto 1, the concurrentperformanceis
better;whena is closerto 2, thesequentialperformanceis better.

A secondaspectto note is that the datastructurerequiresrel-
atively minimal memorymanagement,since it doesnot support
deleteoperations.Theonly casein whichmemorymustbedeallo-
cated(or wasted)is whena nodein theexponentialtreegrows too
big (beforesplitting),andanew contiguousblockof memorymust
beallocatedfor thenode.

4. PACKED­MEMOR Y CO B­TREE
In thissectionwepresentoursecondconcurrent,cache-oblivious

B-tree.It supportsinsertions,deletions,searches,andrangequeries
usinglock-basedconcurrency control. We �rst describethe lock-
baseddatastructure.We thenprove thedatastructurecorrectand
analyzeits serialperformance.

Data structure description
Herewe describethe lock-basedpacked-memoryCO B-Tree. We
presenta lock-freeversionof this datastructurein Section5. Our
datastructureisbasedonthecache-obliviousB-treepresentedin [11]
andconsistsof astaticcache-oblivioussearchtree[26] thatis used
to index a packed-memorydata structure. Insteadof using the
packed-memoryarrayfrom[8], weintroduceanew “one-waypacked-
memorystructure,” which is moreamenableto concurrentopera-
tions.Eachleaf in thestatictreepointsto aQ(logN)-sizeregion in
thepacked-memoryarray.

Theone-waypacked-memorystructuremaintainsN elementsin
orderin anarrayof sizem= Q(N) (with mapowerof 2) subjectto
elementinsertionanddeletion(seeFigure5). Thearrayconsistsof
threesegments:theleftmostandrightmostsegmentscontainextra
emptyspace,andthe middle segment,the activeregion, contains
theN elementsandsomegapsbetweenelements.On aninsertion,
theactiveregionmaygrow to theright; onadeletion,theactivere-

gionmayshrinkfrom theleft. If theactive regiongrowsor shrinks
toomuch,thenwereallocatethearray.

We maintaina near-constant“density” in the active region by
rebalancingregionsof thearray—thatis, evenly spreadingout el-
ementswithin a region—on insertionsor deletions. In the one-
waypacked-memorystructure,therebalancesensurethatelements
moveonly in onedirection:to theright (seeLemma4).

Thedensityof a subarrayis thenumberof �lled arraypositions
dividedby the sizeof the subarray. Considera subarrayof sizek
with i = dlgke. Thesizeof a subarraydeterminesits upper-bound
densitythreshold, t i , andits lower-bounddensitythreshold, r i . For
all i and j, r i < r i+1, t j > t j+1, andr i < t j .

Thedensitythresholdsfollow anarithmeticprogressionde�ned
as follows. Let 0 < r min < r max < t min < t max = 1 be arbitrary
constants.Let d = t max� t min andd0= r max� r min. Then,de�ne
densitythresholdst i andr i to be

t i = t max�
i � 1

lgm� 1
d , andr i = r min+

i � 1
lgm� 1

d0 ;

for all i with 1 � i � lgm.
For example, supposethat m = 16, and we �x the threshold

t min = 1=2. Therearelg16 = 4 densitythresholdst 1 = t max, t 2,
t 3, and t 4 = t min. The thresholdsincreaselinearly with t 1 = 1,
t 2 = 5=6, t 3 = 4=6, andt 4 = 1=2. Similarly, if we �x r min = r 1 =
1=8 andr max= r 4 = 1=4, thenr 2 = 4=24= 1=6 andr 3 = 5=24.

Search. Tosearchfor akey k, simplysearchdown thestaticbinary
tree as normal, without any locks. When the searchreachesthe
array, scanright until �nding theappropriatearrayslot. Sincethe
searchproceedswithout locks, we needto performan ABA test
(key, value,key) to make suretheelementdid notmoveduringthe
read.

Insertion and deletion. To insert a new elementy with key k,
�rst performa searchto �nd andthenlock theQ(logN)-sizedleaf
wherekey k shouldbe inserted. Next, scanthe leaf from left to
right to �nd theactualslot s for key k. (Slot s� 1 shouldcontain
the largestkey smallerthank.) If thescanadvancesinto thenext
Q(logN)-sizeregion(dueto aconcurrentoperation),acquirealock
on thenext treeleaf,giveup thelock on thecurrent,andcontinue.

If theslot s is free,placey in theavailableslot. Otherwise,we
must rebalancea sectionof the packed-memoryarray. Explore
right from s in thearray, acquiringlockson regionsalongtheway,
until �nding thesmallestregionof anysizethatis not toodense.A
region of sizek, with dlgke= i, is not “too dense”whentheden-
sity is no greaterthant i . We thenrebalancethe elementsevenly
within the window by moving elementsto the right, startingwith
the rightmostelementandworking to the left. We move the ele-
mentssuchthatno suf�x of the rebalancedregion hasdensityex-
ceedingthethresholdt i .3 Finally, we releasethelocks.Unlike the
packed-memoryarrayfrom [8] rebalancewindows do not have to
have sizesthat arepowersof 2. Figure6 givesan exampleof an
insertinto theone-waypacked-memoryarray.

Deletionsareanalogousto insertions,exceptthat whenan ele-
ment is deleted,we alwaysperforma rebalance.A deletion-trig-
geredrebalanceexploresright until �nding the�rst slot preceding
an occupiedslot, then exploresleft until �nding a region that is
“denseenough.” This explorationproceedswithout locks. Once
the region is established,we acquirelockson the region from left
to right. As with theinsertion-triggeredrebalance,we thenspread

3Thus, every pre�x of the region not including the last slot has
densityat leastthethresholdt i . In particular, a pre�x of sizek has
dkt ieelements.



a)

d � t 3 = 2=3
d > t 2 = 5=6

d > t 1 = 1

3 8 12 25 48 89 93

b)
3 8 10 25 89 9312 48

Figure 6: An insertionof thekey 10 into theabove packed-memoryarray
of sizem= 16andthresholdst max = 1 andt min = 1=2. Thenew element10
shouldgoin theslotcontaining12,soweexploreright until �nding aregion
thatis not toodense,includingthenew itemto insert.Until exploringpasta
regionof size2 (indicatedby thesmallroundedrectanglein (a)),thedensity
d exceedsthecorrespondingthresholdt 1 = 1. Whenexploring betweena
regionof sizebetween3 and4, indicatedby themediumroundedrectangle,
thedensityis 1 whichexceedsthecorrespondingthresholdt 2 = 5=6. When
exploring regionsof sizebetween5 and8, we usethe thresholdt 3 = 2=3.
Theexplorationstopsat thesixthslotasthereare4 elements(includingthe
new element10)to placein 6 slots,giving adensityd = 4=6= 2=3= t 3. (b)
givesthestateof thearrayaftertheinsertandrebalance.Oncetherebalance
region is established,we begin at the right andmove elementsasfar right
aspossiblewithoutexceedingtheappropriatethreshold(i.e., t 3 = 2=3).

elementsevenly startingwith the rightmostelementandworking
left. Finally, we releaseall thelocks.

Oncethe insert/deleteor rebalanceis complete,we updatethe
keys in thestaticsearchtree. For eachnodein thesubtreede�ned
by theupdatedregion, if thekey at a nodein thetreeis too small,
we lock thenode,write thekey, andreleasethelock. This strategy
ensuresthatconcurrentsearchesarenotblocked.

Resizingthe array. Whentheright boundaryof theactive region
hits thearrayboundary, or theactive regionbecomestoosmall,we
resizethe array, copying the elementsinto a new array, spreading
the elementsevenly. The “ideal” densityof the active region is
(t min � r max)=2. If theold arrayhasN elements,thenew arrayhas

size
ll

c N
(t min� r max)=2

mm
, for a constantc. Theactive region startsat

theleft portionof thenew array.
We usea randomizedstrategy that allows the resizing to run

quickly andconcurrently. Theresizeproceedsin threephases:(1)
We randomlychooseleaves of size Q(logN) and count the ele-
mentsin the leaf. We lock the node,write the countin the node,
andreleasethe lock. If thesibling hasbeencounted,we write the
sumin theparentandproceedup the tree. Whenthe root nodeis
counted,the�rst phaseends.(2) We allocatea new arraybasedon
thecountin theroot. Notethatthecountin any nodeis exact—the
randomizationin the�rst phaserandomizesonly theorderin which
nodesarecounted.(3) Werandomlywalk down theoriginal treeto
�nd a leaf,keepingacountof thenumberof elementsto theleft of
this leaf. Then,we copy theQ(logN) elementsin the leaf to their
correctlocationin thenew array(spreadingtheelementsevenly).
For phases(1) and(3), wemarknodesto ensurethatleavesarenot
countedor copiedmultiple timesandto discover whenthephases
complete.

Correctness
We show that our datastructureis correctunderconcurrentoper-
ations: thedatastructureguaranteeslinearizableoperationsandis
deadlock-free.

The �rst lemmashows that the one-way rebalancedoesin fact
move elementsin only onedirection.This lemmadirectly implies
thatsearchesreturnthecorrectelements.

Lemma 4. The one-wayrebalancemoves elementsonly to the
right. That is, therebalanceoperation maintainsthepropertythat
thekey at a givenmemorylocationis nonincreasing.

Proof. Considera rebalanceregion r rangingfrom arrayslotss1
to s2. Let i = dlg(s2 � s1 + 1)e. Thentheelementsin r arespread
evenly to adensityof t i .

Assumefor thesake of contradictionthatanelementin r moves
left during the rebalance.Without lossof generality, let s0

2 be the
slot of the leftmostelementthat moves left. Considerthe region
r0 rangingfrom s1 to s0

2 � 1. Let d0 be the densityof region r0.
Sincespreadingthe elementsevenly in r moves an elementinto
r0, we have d0< t i . However, sincer0 is containedin r, we have
j =

�
lg(s0

2 � s1)
�

for somej � i. Thus,t j � t i � d0, generatinga
contradictionastherebalanceregionwouldber0.

Theproof is similar for deletion-triggeredrebalances.

Theorem 5. Thepacked-memoryCOB-Treeis deadlock-freeand
guaranteeslinearizableinsertions,deletions,andsearches.

Proof. Thedeadlock-freeproof follows directly from thefact that
when an operationholds more than one lock, it always acquires
theselocksfrom left to right.

Next, we look at the claim of linearizability. The arrayof the
packed-memoryCO B-Treeis similar to a singlenodein the ex-
ponentialCO B-Tree, except the array is slightly more compli-
cated.The importantpropertyaboutupdatesto the arrayis given
in Lemma4. Thus,wecanuseasimilarproof to Theorem1.

Cache-Oblivious Performance
We next analyzethe costof sequentialoperationsin the packed-
memoryCOB-Treein termsof block transfers.We �rst boundthe
costof the static-search-treeupdateandof resizingthe array. We
then apply an accountingargumentto concludethat the packed-
memoryCOB-Treeachievesthesameserialcostsasin [8,10,13].

First,weboundthecostof thestatictreeupdate.

Lemma 6. Assumethat operationsoccursequentially. If a range
of k memorylocationsaremodi�edduringanupdatein thepacked-
memoryarray, thenupdatingthesearch treecostsO(logB N+ k=B+
1) memorytransfers.

Proof. Wecanthink of subtreesof thesearchtreeascorresponding
to rangesin thepackedmemoryarray. Updatingthe treerequires
updatingeverynodein asetof subtreesthatconstitutetherangeof
k memorylocations.Thecombinednumberof treenodesin these
subtreesis lessthan2k, but it remainsto beshown thatthesenodes
�t in O(k=B + 1) blocks. Considerall the subtreesf T1; : : : ;Trg
to updatefrom left to right. Then thereexists an i suchthat the
subtreerootedat parent(Ti) containsthe subtreesT1; : : : ;Ti , and
parent(Ti+1) containsTi+1; : : : ;Tr . Thus,the treenodesto update
arecontainedin two subtrees,with total sizeat most4k. All of
thesesubtrees,therefore,arelaid out in O(k=B+ 1) blocks.

Additionally, somenodes,not in thesesubtrees,alongthe path
to the root mustbe updated.We notethat we only updatenodes
with a right child thatchanges.Thus,we updateonly a singlepath
to theroot,which requiresatmostO(logB N + 1) blocks.

The insertioncostincludesnot only thecostof rebalancingthe
arrayandupdatingthestatictree,but alsothecostof resizingthe
array. The following lemmaimplies that the array is not resized
very frequently.

Lemma 7. Considerapacked-memoryarrayofsizem. Thenthere
mustbeW(m) insertionsor deletionsbefore thearray is resized.



Proof. Consideraresizingtriggeredby aninsertion.Weuseanac-
countingargumentto prove the lemma. We give 1 dollar to each
�lled slot in thearrayat thetime of thelastresizing.Whenever an
item is insertedinto someslot, we give that slot 1 dollar. When-
ever an item is deleted,we leave the dollar in the slot. Whenever
we rebalancea region of the array, we move 1 dollar with each
itemmoved.All excessdollars(i.e.,associatedwith itemsthehave
beenremoved)aremovedto the�rst slot of therebalancedregion.
Clearlyeverynonemptyslothasat least1 dollarassociatedwith it.

Let d = (t min � r max)=2—thedensityto which the arrayis re-
sized.Thenweclaimthatany pre�x of thearray, startingat theleft
boundary(slot 0) andendingat a slot s precedingtheright bound-
ary of theactive region, containsat leastsd dollars.This invariant
is clearlytrueat thetime of thelastresizing.It alsotrivially holds
acrossinsertionsor deletionsthatdo not trigger rebalances.It re-
mainsto beshown thattheinvariantholdsacrossrebalances.

Consideran insertion-triggeredrebalancethat rangesfrom slot
s1 to s2. The invariant is trivially unaffectedfor any slot s with
s< s1 or s� s2 sincenomoney movesinto or outof therebalanced
region. It remainsto show thattheinvariantholdsfor a slot s with
s1 � s< s2. By assumption,we have at least(s1 � 1)d preceding
slot s1. Therebalancealgorithmguaranteesthat thedensityof ev-
ery pre�x of the rebalancedregion is at leastt min. Thusthearray
containsat least(s1 � 1)d+ (s� s1 + 1)t min � sddollarsby slot s.

For completeness,we alsoneedto considera deletion-triggered
rebalancethat rangesfrom slot s1 to s2. Considera slot s with
s1 � s < s2. The rebalancealgorithm again guaranteesthat the
densityof everysuf�x of therebalancedregionis atmostr max< d.
Thus,sincethe invariantholdsat slot s2 beforetherebalance,and
all extra dollars are moved to slot s1, we have that the invariant
holdsfor all slotsaftertherebalance.

Now we justapplytheinvariantto completetheproof. Whenan
insertiontriggersa rebalance,theactive region includestheentire
array. Thus, the array containsat leastmd dollars. At the last
resizing,thereweremd=c dollars,wherebothc > 1 and0 < d < 1
areconstants.Thus,theremusthavebeenW(m) insertions.

Theproof for deletion-triggeredresizingsis similar.

Now we boundthecostof resizing.Themainideais thatQ(N)
randomchoicesis enoughto countQ(N=lgN) leaves.

Lemma 8. Assumethat operationsoccur sequentially. Consider
a packed-memoryCOB-TreecontainingN elements.Thenthecost
of resizingthepacked-memoryarray is O(N(logBN + 1)) memory
transfers.
Proof. ThereareQ(m=lgm) leaves. We make only O(m) random
leaf selections,with highprobability, beforeselectingevery leaf in
phases(1) and(3). In phase(3), �nding a leaf follows a root-to-
leaf pathin thetreewith a costof O(logBm+ 1). Thetotal costof
selectingall theleavesis, therefore,O(m(logB m+ 1)) .

Copying or countinga Q(lgm)-sizedregion (correspondingto
a tree leaf) of the old array takes Q(lgm=B+ 1) block transfers.
Sinceeachleaf is countedandcopiedoncein phases(1) and(3),
respectively, thetotal costof countingandcopying theelementsis
Q((m=lgm)( lgm=B+ 1)) = O(m(logBm+ 1)) .

Copying a lgm sizedregion from theold arrayto thenew array
takesQ(lgm=B) block transfers(sincethearrayis keptnearacon-
stantdensity),for a total costof O(m=B) acrosstheentireresize.

Updatingthetreefor thenew arraycostsO(logBm0+ 1) for each
elementcopiedwherem0 is thesizeof thenew array, for a total of
O(m(logB m0+ 1)) block transfers.

Sincemandm0areQ(N), thelemmafollows.

The following theoremstatesthat we achieve the desiredserial
performance.

Theorem 9. Assumethatoperationsoccursequentially. Theamor-
tizedcostof insertionsanddeletionsis O(logB N + lg2N=B+ 1).

Proof. Thisproof is similar to theonein [20] thatanalyzesthecost
of rebalanceregions extendingonly one direction (but in which
elementscanmove in bothdirections).This argumentusestheac-
countingmethod,placingQ(lg2 m=B) dollarsin anarrayslotonan
insertion/deletion.In particular, Q(lgm=B) dollarsareassociated
with eachof lgm accounts,correspondingto lgm densitythresh-
olds.Whenevera regionof sizek > lgm is rebalanced4, theregion
containsW(k=B) dollars in an appropriateaccountwith which to
payfor therebalance.Ourscenariois differentbecauseregionsare
notnecessarilypowersof 2, andour resizingalgorithmis different.
Whereas[20] usesanaccountingargumentthatchargesrebalances
againstthe left half of the region of sizek, we charge againstthe
left subregionof sizeddkee=2.

Moreover, we incur a costfor updatingthestatictreeon top of
the packed-memorydatastructureduring a rebalance.Sincewe
have Q(k=B) potentialsaved up at the time of a rebalanceof size
k, andatreeupdatecostsO(logB N+ k=B+ 1) (from Lemma6) we
canafford thetreeupdate.

Finally, giventhattheremustbeW(N) insertionsbetweenresiz-
ings (seeLemma7), anda resizingscostsO(N(logBN + 1)) (see
Lemma8), we concludethatthecostof resizingthearrayis amor-
tizedto O(logB N + 1) perinsertion.

5. LOCK­FREE CO B­TREE
We now show how to transformthe lock-baseddatastructure

in Section4 into a non-blocking,lock-freeCO B-tree. Insteadof
using locks, we useload-linked/store-conditional(LL/SC) opera-
tions. For thesake of clarity, we will assumethatkeys andvalues
are eacha single word, and can be readand written by a single
LL/SC operation;the datastructureis easilyextensibleto multi-
wordkeysandvalues.

Data structure description
Recall that locks are usedonly in updatingthe packed-memory
array; the static searchtree is alreadynon-blocking. Insteadof
acquiring locks beforemodifying the packed-memoryarray, we
show how to usefour basicnon-blockingprimitivesto updatethe
datastructure:(1) move, which movesanelementatomicallyfrom
oneslot in thepacked-memoryarrayto another, (2) cell-insertion,
which insertsa new key/valuepair into a givencell in thepacked-
memoryarray, (3)cell-deletion, whichdeletesanexistingkey/value
pair from a cell in the packed-memoryarray, and(4) read, which
returnsthekey andvalueof a givencell in thepacked-memoryar-
ray. Eachof theseprimitivesis non-blocking,andmay fail when
otheroperationsinterruptit. For example,a move operationmay
fail if a cell-insertionis simultaneouslyperformingan insertionat
thetarget.

Mark ers. Eachcell in thearrayis augmentedwith amarker which
indicateswhetheranongoingoperationis attemptingto modify the
cell. Themarkercontainsall theinformationnecessaryto complete
the operation. For example,a move marker indicatesthe source
and the destinationof the move. Any processorthat is perform-
ing anoperationanddiscoversa markedcell helpsto completethe
operationindicatedby themarker. For example,considera move
operationthatis attemptingto moveanelementfrom cell 14 to cell
15,while concurrentlya cell-insertis attemptinginsertanelement
at cell 15. First, thecell-insertupdatesthemarkerat cell 15. Then,

4We cantrivially payfor any small rebalanceswith thecostof in-
sertingthenew element.



the move attemptsto updatethe marker, and discovers the con-
currentinsertion.Themove operationthenperformstheinsertion,
beforeproceedingwith themove. In this way, themove caneven-
tually complete,evenif theprocessorperformingthecell-inserthas
failed,or beenswappedoutof memory.

The primitive operationswhich modify the datastructure(i.e.,
move, cell-insert,andcell-delete)areall initiated by markingan
appropriatecell. Oncea cell hasbeenmarked,any processorcan
completetheoperationby simply processingthemarker. In order
to begin amoveoperation,thesourceof themoveis updated.For a
cell-deleteoperation,thecell containingtheelementtobedeletedis
marked.A cell-insertoperationmarksthecell immediatelypreced-
ing thecell wherethenew elementis beinginserted.A requirement
of acell-insertis thatthisprecedingcell notbeempty. By marking
the precedingcell, we prevent a concurrentmove operationfrom
moving anelement“over” anongoingcell-insertion.For example,
if acell-insertis happeningatcell 15,wemustpreventtheelement
from cell 14 (or any smallercell) from beingmovedto cell 16 (or
any largercell); otherwise,thenew elementmight not beordered
correctly.

We believe that it is possibleto implementa lock-freepacked-
memoryCO B-Treeusingcompare-and-swap, insteadof LL/SC,
by addingversiontagsto themarkers.

Implementing the nonblocking primiti ves. For a move opera-
tion, oncethesourcehasbeensuccessfullymarked,anLL opera-
tion is performedon the following items: (1) the marker, (2) the
sourcekey, (3) thesourcevalue,(4) thedestinationkey, and(5) the
destinationvalue.Then,anSCis performedon themarker, rewrit-
ing themarker. This techniqueensuresthatno concurrentprocess
hasmodi�ed themarker in anattemptto helpcompletethemove.
Themove thencompletesby usingSCto updatethekeys andval-
uesat thedestination,andthenat thesource.If anSCfails during
this �nal stage,it is ignored;someconcurrentprocesshasalready
helpedto completethemove. Finally, themarker is cleared.

For acell-insert,oncetheprecedingcell hasbeenmarked,thein-
sertperformsa LL on themarker, andthenon thekeys andvalues
at thenew cell. If thekey is alreadyin thetree,thenanerror is re-
turned.If thecell is notempty, anerroris returned.Theinsertthen
rewritesthemarkerwith anSC,ensuringthatit hasnot changedin
theinterim. Finally, thekey andvalueareupdated,andthemarker
is cleared.A cell-deleteis essentiallyidenticalto acell-insert.

Finally, a readoperationsimply examinesa cell, helpsout if the
cell is marked,andreturnstheappropriatevalues.

Insertions and deletions. An insertionproceedsas before,�rst
using the static searchtree to �nd and mark the appropriatecell
in the array, that is, the cell containingthe largestkey in the tree
that is lessthanor equalto thekey beinginserted.Oncethecell is
marked,a cell-insertbegins. If theinsertionsucceeds,theelement
is successfullyinserted. If the cell-insertionfails, however, then
eitherthecell is not emptyor a move causedinterference.In this
case,weneedto rebalancethearray.

A rebalancebegins by exploring to the right, asbefore. In this
case,however, it rememberswhichcellswere�lled andwhichwere
empty. It performsa load-link (LL) operationon eachnon-empty
cell; eachof thesemarked cells may needto be moved, and the
move is initiatedby performinganSCon themarker. In this way,
therebalanceoperationcandetectwhenthearrayhaschangeddur-
ing therebalance.

Whenanappropriatelysparseregion is found,theoperationcan
calculatethe appropriatespacingof the elementsin the array, as
before.Therebalancethenproceedsfrom right to left usingmove

operationsto spreadelementsevenly. (Elementsareonly moved
from left to right, asbefore.)If any move fails, thentherebalance
restarts. In particular, a move may fail if any of the markershas
changedsincethey wereinitially linkedduringthescanningphase
of therebalance.If at any time duringtherebalance,we otherwise
detectthatthearrayhaschanged,thentherebalancerestarts.

Deletionsaresimilar to insertions.We �rst searchfor the item
to be deleted,andthenperforma cell-deletion. Finally, we scan
to theright until discoveringa non-emptycell, andthenperforma
rebalance.Unlike therebalanceon insertions,however, this opera-
tion scansto theleft, looking for a denseregion (asis describedin
Section4).

All otherdatastructureoperationsproceedasbefore;afterthear-
rayhasbeenupdatedusingthenon-blockingprimitives,thesearch
treeis updatedto re�ect thechanges.Whenresizingthearray, load-
link/store-conditionalis usedto atomicallywrite thecountof aleaf,
insteadof a lock.

Correctness
Theorem 10. Thepacked-memoryCO B-Treeguaranteeslinear-
izablesearch, insert,anddeleteoperations.

Proof. If akey is in thedatastructureandthedatastructureremains
in sortedorder, thena searchwill �nd it: thestatictreeis updated
afterthepacked-memoryarray, andelementsareonly movedto the
right in thepacked-memoryarray;it is thereforeeasyto seethata
searchalwaysexits thestatictreeto theleft of thekey in question.

Thekey property, then,is that theelementsin thearrayremain
in sortedorder. If they alwaysremainin sortedorder, thenasearch
will correctly�nd any previously insertedelementor any element
returnedby a prior searchand it fail to �nd a previously deleted
element,asis required.

In orderto show thatelementsremainin order, weexaminehow
elementsare inserted. An important invariant is that if a cell is
marked for a cell-insert,thenthecell containsthe largestkey that
is lessthanor equalto thekey beinginserted.Initially, onacquiring
a marker, this invariantis ensuredby thecorrectnessof thesearch
which locatesthe insertioncell, andthe useof LL/SC to acquire
themarkeratomically.

Throughouttheinsertion,this invariantis maintainedby theway
in which a rebalancemoves elements. In particular, a rebalance
never movesanelementfrom onesideof a markedcell to another.
In particular, wheneverarebalancemovesanelement,all theinter-
veningcells areempty. This propertyis checked while the rebal-
ancescansto theright, determiningtheregion to rebalanceandsi-
multaneouslyperforminga load-link (LL) on eachnon-emptycell
in the region. The only way this propertyof a rebalancecanbe
violatedis if anelementis insertedor movedbetweenwhenthere-
gion is scannedandtherebalancemovesanelement.In this case,
however, theSCwhichacquiresthemovemarker fails.

As aresult,elementsarealwaysinsertedin order, andrebalances
never move elementsout of order. Combinedwith the fact that
searchesterminatecorrectly, wehave themainresult.

Theorem 11. Thepacked-memoryCO B-Treeis a lock-freedata
structure.

Proof (sketch). We needto show that if thereis at leastoneon-
going operation,then eventually someoperationcompletes. An
operationcanonly bedelayedby pausingto helpa concurrentop-
eration,or by workingonarebalance.If anoperationis delayedby
helpingan insertionor deletionto complete,thensomeoperation
hascompleted,asdesired.

Thereforethekey requirementis to show thatrebalancescannot
preventoperationsfrom makingprogress.If a rebalanceis forced



to restartbecauseof a successfulinsertionor deletion,thensome
otheroperationhascompleted.

A rebalancemay alsorestartbecauseof interferenceby a con-
currentrebalance.In this case,however, sinceelementsaremoved
only to the right, whenthe rebalancerestartsit has(strictly) less
work to do thanin theabortedrebalance.In particular, theconcur-
rent rebalancethat forceda restartmusthave moved at leastone
of theitemsin theregion to theright, thusreducingtheamountof
rabalancingnecessary. Sinceevery time a rebalancerestartsit has
lesswork to do,eventuallytherebalancecompletes.

6. CONCLUSIONS AND FUTURE WORK
Thispaperexploresarangeof issuesfor makingcache-oblivious

searchstructuresconcurrent.We considerboth locking andlock-
freesolutions.Eachof theseapproacheshaspracticalandtheoret-
ical merits,andwe make no judgementaboutwhich approachis
best. A third approach,which we do not considerhere,is to use
transactionalmemoryto supportconcurrency. This approachmay
leadto simplercodingandseveralnew data-localityissues.

Likemany previousconcurrency studies,thispaperanalyzesuni-
formly randominsertions. This analysisdoesnot reveal all the
designprinciples that went into our datastructures. In particu-
lar, in theexponentialtrees,theparametera tunesthetradeoff be-
tweenlow-concurrency andhigh-concurrency performanceof the
tree.Whena is larger, serialoperationsin thetreearefaster;when
a is smaller, the treesupportsincreasedconcurrency andreduced
contention. Moreover, the randomizednatureof the treereduces
contentionat high levelsin thetree,by temporallyspacingout up-
dates,evenwheninsertionsareadversarial.

Thispaperfocusesoncorrectnessissuesmorethanperformance
issues.In particular, in orderto getperformanceguarantees,there
aredifferentinsertionpatterns(suchasadversarial),differentpro-
cessmodels(suchasdifferentspeedsandchangingspeeds),and
differentmodelsof memory(suchasqueuingonmemorylocations
for both readsand writes). Sometechniquesfrom the designof
overlaynetworksmayto carryover to thesemodels.

A naturalextensionof the one-way packed-memorystructure
fromSection4 is to implementthestructureascirculararray. Using
thecirculararraymayleadto lessmemoryallocation.While a cir-
cular implementationis straightforward for the serialandlocking
cases,it is morecomplex in thelock-freesetting.
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