
Cache-Oblivious String B-trees

Michael A. Bender Martin Farach-Colton Bradley C. Kuszmaul
Stony Brook University Rutgers MIT CSAIL

bender@cs.sunysb.edu farach@cs.rutgers.edu bradley@mit.edu

ABSTRACT
B-treesarethedatastructureof choicefor maintainingsearchable
dataon disk. However, B-treesperformsuboptimally

� whenkeysarelong or of variablelength,
� whenkeys arecompressed,evenwhenusingfront compres-

sion, thestandardB-treecompressionscheme,
� for rangequeries,and
� with respectto memoryeffectssuchasdiskprefetching.

Thispaperpresentsacache-obliviousstringB-tree(COSB-tree)
datastructurethatis ef�cient in all theseways:

� The COSB-treesearchesasymptoticallyoptimally and in-
sertsanddeletesnearlyoptimally.

� It maintainsanindex whosesizeis proportionalto thefront-
compressedsizeof thedictionary. Furthermore,unlike stan-
dardfront-compressedstrings,keys canbedecompressedin
a memory-ef�cient manner.

� It performsrangequerieswith no extra disk seeks;in con-
trast,B-treesincurdiskseekswhenskippingfrom leafblock
to leaf block.

� It utilizes all levels of a memoryhierarchyef�ciently and
makesgooduseof disklocality byusingcache-obliviouslay-
out strategies.

Categoriesand SubjectDescriptors: E.1[Data Structur es]: Ar-
rays, Trees; E.5 [Files]: Sorting/searching;H.3.3 [Inf ormation
Storageand Retrieval]:

GeneralTerms: Algorithms,Experimentation,Performance,The-
ory.

Keywords: cacheobliviousstringB-tree,locality preservingfront
compression,packed-memoryarray, rangequery, rebalance.

1. INTRODUCTION
For over threedecades,theB-tree[4,16] hasbeenthedatastruc-

ture of choice for maintainingsearchabledataon disk. B-trees
maintain an orderedset of keys and allow insertions,deletions,
searches,and rangequeries. Most implementationsemploy B+-
trees[16,26], in which thefull keysareall storedin theleaves,but
for conveniencewe referto all thevariationsas“B-trees.”

TraditionalB-treesperformsuboptimallyin severalrespects:
� The theoreticaland practical performanceof B-trees de-

gradeswhenkeys arelong or vary in length.
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� Keys oftensharelargepre�xes,andarethustypically stored
usingfront compression[5, 15,26,32] within blocks. Front
compressionexhibits a tradeoff betweenthe compression
factorandthe memorylocality for decompression.B-trees
make this tradeoff suboptimally.

� Rangequeriesusedisk hardwareinef�ciently becauseeach
leaf block fetchedmayrequirea randomdisk seek.Random
blockaccessesperformtwo ordersof magnitudemoreslowly
than sequentialblock accessesfor disk. Seeksto nearby
tracksarenearlyan orderof magnitudefasterthanrandom
seeks.

� B-treesdonot takeadvantageof memoryeffectssuchasdisk
prefetching,especiallywhenvariableamountof prefetching
is performed.

Inef�ciency in eachof theserespectscanreduceperformancesig-
ni�cantly. Although someof theseissuesareaddressedindividu-
ally in the literature,asdiscussedbelow, thereareno previously
known searchstructuresthataddressall theseissueseffectively.

Thispaperpresentsacache-obliviousstringB-tree(COSB-tree)
datastructurethat is ef�cient in all four respects.The restof this
sectionstatesour results.

Variable-length keys. Traditional B-trees do not handle large
keys well. Typically, they packsmall keys in blocks,but for large
keys thepacka pointerto thekey, which is storedelsewhere.They
choosearbitrarily which key to promoteto a parentwhena block
is split andoftenbiastheir choicetowardpromotinglong keys. In
principle,it is betterto storeshortkeysnearthetopof thetree,but it
is alsobetterto split thesearchspaceinto nearlyevenpieces.There
arenoknown techniquesfor addressingbothissuessimultaneously
in a dynamicallychangingB-tree.

The string B-tree [19] handleskeys of unboundedsize ef�-
ciently. In the string B-tree, an insertion of a new key k uses
O(1 + kkk/B + logB N) block transfers,wherekkk is the length
of key k andN is thenumberof keys in thetree.This block trans-
fer complexity is nearlyoptimalin thetraditionalDisk AccessMa-
chinemodel[1], wherethereis asingle�x edmemory-transfersize,
B, sinceit trivially takes at leastkkk/B transfersto readk, and
O(logBN) is the costof insertionin a B-tree,even whenall keys
have unit length.SeeFigure1 for a glossaryof notation.

k Key D Setof keys (a dictionary)
Q Queryresult(akey set) jDj Numberof keys in D
B Block size kDk Sumof key lengthsin D
N N = jDj hhDii Sizeof front compressedD

Figure 1: Glossary of symbols.

A range query for keys k and k0 returnsall keys µ suchthat
k � µ � k0 lexicographically. In a stringB-tree,a rangequeryuses
O(1+ (kkk+ kk0k+ kQk)/B+ logB N) blocktransfers,whereQ is



thesetof resultkeysandkQk is thesumof their lengths.1 A search
for a singlekey k is a specialcaseof a rangequeryandtherefore
usesO(1+ kkk/B+ logB N) block transfers.

Thestring-B-treepaper[19] alsodescribesapre�x-search opera-
tion, but apre�x searchis aspecialcaseof a rangequery. A slower
versionof the string B-tree [19] also supportssubstringqueries.
Sinceour goal is to supportheterogeneouskey sizesin traditional
databaseapplications,wedonotaddresssubstringquerieshereand
compareour resultsto thefasterstringB-treethatdoesnotsupport
substringqueries.

The string B-tree is deterministicand the performancebounds
given areworst-case(that is, not amortized),but it doesnot sup-
port compression,disk prefetching,or disk-seek-ef�cient range
queries. The cache-oblivious string B-tree we presentherealso
supportskeys of unboundedlengthef�ciently . It is amortizedfor
updatesandrandomized,but is ef�cient with respectto compres-
sion,prefetching,anddisk seeks.

Compression. Many practical B-trees (e.g. [30]) employ front
compression[5, 15,26,32] within blocksto reducethe amountof
memoryrequiredfor thekeys,but stringB-trees[19] donot. Thus,
the sizeof a string B-treeis Q(kDk). Front compressionreduces
spaceby storingeachkey k asa pair h̀ ,si , where` is the length
of the longestcommonpre�x betweenk andk's predecessor, and
s is thesuf�x of k startingat position`+ 1. This strategy paysoff
whenkeysarestoredlexicographically, whichmaximizestheaver-
agelongestcommonpre�x betweenadjacentkeys. Althoughfront
compressionis notoptimalwith respectto theentropy boundof the
strings,it is usedin many implementationsof B-trees.

To decodea key, onedecodesthepreviouskey. This procedure
might requirescanningbackto the beginning of theentiredictio-
nary. To mitigatethis problem,eachnodeof a B-treeis front com-
pressedseparately. “Blocked” front compressionmayyield a poor
compressionratecomparedto front compressionof theentiredic-
tionary, however. Thus,thereis a tradeoff betweenthe effective-
nessof front compressionandthe costof decompression.Larger
blockingimprovestheformerandworsenlatter.

We introduce a modi�ed front-compressionschemefor the
cache-oblivious string B-tree that simultaneouslyachieves a de-
compressioncomplexity that is linear in key lengthandanoverall
compressionthat is within an arbitrarily small constantof theop-
timal front compression.Speci�cally, we compressdictionaryD
into (1+ e)hhDii bits,wherepurefront compressionuseshhDii bits,
andwe decodea key k in O(kkk/eB) memorytransfers,for any
e> 0. Usingour improvedfront-compressionscheme,our cache-
obliviousstringB-treeusesspaceO(hhDii ) to storedictionaryD.

Cache-obliviousness, disk prefetching, and range queries.
BothtraditionalandstringB-treesarebasedontheassumptionthat
thereis a singleblock-transfersizeB for which the datastructure
shouldbe optimized. For example,many B-treesusedin practice
areoptimizedassumingthattheuniqueblock-transfersizeis 4096
bytes. If the keys are of constantsize, then a B-tree achieves a
fanoutof Q(B), which implies that a searchusesO(1 + logB N)
block transfers.

Realmemorysystemsarenot sosimple.Thememoryhierarchy
is composedof severallevelsof cache,mainmemory, anddisk,but

1The complexity of rangequeries,asreportedin [19], hasan ad-
ditive jQj term, which appearsbecausethe keys arestoredin no
particularorderto speedup insertions.Thisdatalayoutmeansthat
actuallyobtainingthevariousstringsmay requireoneextra block
transferperkey. Usingnow-standardtechniques,theboundcanbe
improvedto theboundwe show here.

thereareotherlevels betweenthese.For example,the disk cache
sitsbetweenmainmemoryandtherestof thedisk. Whenthedisk
systemservicesa requestfor a disk block, the disk �rst checks
whetherthe requestedblock is in the disk cache,and if so, re-
turnstheblock. Otherwise,thedisk seeksto theappropriatetrack,
readstheblock,andprefetchesthetrack.Thus,theeffectiveblock-
transfersizemaybemuchlargerthanadiskblock. Indeed,sequen-
tial disk-blockaccessestypically runover two ordersof magnitude
fasterthanrandomdisk-blockaccesses.However, disk tracksvary
in sizeandheavy loadscanpollute therelatively smalldisk cache
quickly, evicting blocksbeforethey have a chanceto berequested.
Thereforetheeffectiveblock-transfersizebetweenthesetwo levels
of memoryis highly variable.

Thecache-oblivious(CO)model[21] enablesusto designalgo-
rithmsthatachieve datalocality simultaneouslyfor all block sizes.
Suchalgorithmsareon-lineoptimalwith respectto changingblock
sizesin the disk systemaswell assimultaneouslyoptimal at all
levelsof thememoryhierarchy. In thecache-oblivious model,the
objective is to minimize thenumberof transfersbetweentwo lev-
elsof thehierarchy. However, unlike traditionalexternal-memory
models[1], the parametersB, the block size, and M, the main-
memorysize,areunknown to thecoderor thealgorithm.Themain
ideaof the CO model is that if it canbe proved that somealgo-
rithm performsa nearly optimal numberof memorytransfersin
a two-level model with unknown parameters,then the algorithm
also performsa nearly optimal numberof memory transferson
any unknown, multilevel memoryhierarchy. Cache-obliviousdata
structuresaremoreportablethantraditionalexternal-memorydata
structures,sincethey avoid any tuningparameters.CO algorithms
donot try to measurethemachine'scacheandadjusttheirbehavior
accordingly. Rather, they areoptimizedfor every level of granular-
ity throughouttheir executionwithoutany tuning.

It hasbeenshown [9–11,13] how to implementcacheoblivious
B-treesfor �x ed-sizekeys. Thecache-obliviousB-treesupportsef-
�cient rangequeriesbecauseof the packed-memoryarray (PMA)
structure[9], which maintainsthe searchkeys tightly packed in
order in memory. Thus,a rangequeryconsistsof onememory-
optimal search,followed by a scanwithin an array. This scan
doesnot incur any morerandomdisk seekssincethe itemsbeing
scannedarephysically in orderon disk. In contrast,B-treesmay
havetheirrelatively-smallleafblocksscatteredthroughoutadiskin
any order, andif theeffectiveblocksizeis large,thenrangequeries
arefar from optimal.

Recently, Brodal and Fagerberg [12] gave a static cache-
oblivious string B-tree. It supportscache-oblivious searcheswith
thesameboundsastheoriginalstringB-treebut doesnotallow up-
dates.Theirpaperworksby physicallylayingout thetreein mem-
ory with duplications,andit seemsdif�cult to make it dynamic.

In thispaperwepresentaB-treestructurethatsupportsvariable-
sizekey insertions,deletionsandsearches,nearoptimalfront com-
pressionanddecoding,andis cache-oblivious.

Experimental motivation. Cache-oblivious data structurehave
interestingtheoreticalproperties,as outlined above. Here we
presentexperimentalvalidationfor theiron-diskperformance.Pre-
viouswork hasfocuson their in-memoryperformance.

We implementedB-treesfrom the literaturefor �x edsizekeys.
We placedversionsof eachdatastructureinto a memory-mapped
�le, takingcarethatthedatastructurewassigni�cantly largerthan
mainmemory. For staticB-treeswe employed a breadth-�rst lay-
out: The root block appears�rst in the �le, followed by the chil-
drenof theroot, followedby the�rst child's children,andsoforth.
For staticCO B-trees,we useda vanEmdeBoaslayout[29]. The



Datastructure Averagetimepersearch
small-machine big-machine

COB-tree 12.3ms 13.8ms
Btree:4KB Blocks: 17.2ms 22.4ms

16KB blocks: 13.9ms 22.1ms
32KB blocks: 11.9ms 17.4ms
64KB blocks: 12.9ms 17.6ms

128KBblocks: 13.2ms 16.5ms
256KBblocks: 18.5ms 14.4ms
512KBblocks: 16.7ms

Figure 2: Performance measurements of 1000 random searches on
static trees.

statictreeswerepacked100%full with data,andsincethetreesare
static,we did not even allocatespacefor pointersto the children.
We implementeda dynamicB+tree [16] and a dynamicCO B-
tree[10,11].

We ran our experimentson two differentmachines.The small
machineis a 300MHz PentiumII with 128MB of RAM and a
4.3GB ATA disk running Redhat8.0, Linux Kernel 2.4.20. The
large machineis a 4-processor1.4GHzOpteron840 with 16GB
of memoryanda 72GBIBM Ultrastar10,000RPMSCSI-320disk
runningSUSELinux 2.4.19.

Figure2 shows theresultsof ourexperimentsonstatictrees.We
measuredthetime to perform1000searcheson randomkeys. For
eachmeasurement,beforestartingthe �rst search,we �ushed the
�lesystem cacheby unmountingandthenremountingthe �lesys-
tem.

For statictrees,it is clearthat the advertiseddisk-blocksizeof
4096bytesis far toosmall,underperformingbig-blockB-treesand
CO B-treesby 30–50%. But very largeblocksperformpoorly as
well. On thesmallmachinetheoptimalblocksizeis 32KB, andon
thebig machineit is 256KB.Onthesmallmachine,theB-treeman-
agedto outperformtheCO B-treeby 3%in thebestcase,but in all
othercasestheCO B-treeoutperformedtheB-trees.We conclude
that althoughthere are somesituationswherea carefully tuned
staticB-treecansqueezeout an advantageagainsta staticCO B-
tree,staticCOB-treesprovidemuchmorerobustperformanceand
canusuallyoutperformevencarefullytunedstaticB-trees.

Figure3 shows theresultsfor dynamicCO B-treesbasedon the
PMA constructionof [9]. ThisdynamicCOB-treehasgoodamor-
tizedperformance,but very occasionallymustrebalancetheentire
tree,which is expensive whenthe treedoesnot �t in main mem-
ory. Figure 3 shows that for insertingthe �rst 440,000random
elements,theCOB-treeoutperformsany of thetraditionalB-trees.
Big-block B-treesperformpoorly for insertions.But sometimebe-
fore the 450,000thinsertion,the CO B-treereorganizesits whole
datastructure,atwhichpoint it fallsbehindthesmall-blockB-trees
by abouta factorof two. For range-queriesandrandomsearches
whereall the leavesof the treearescannedin order, thebig-block
B-treesoutperformthe small-blockB-trees,andslightly beatthe
CO B-tree. For many applications,the big-block B-treeswould
have unacceptablecostsfor insertions,andthesmall-blockB-trees
are not as fast as the CO B-tree. This suggeststhat CO B-trees
couldbea practicalway to improve performanceof databasesand
�le systems.

As a sanity check, we comparedthe performanceof our tra-
ditional andCO B-treesto the Berkeley DB [30], a high-quality
commerciallyavailableB-tree. TheBerkeley DB with thedefault
buffer-poolallocationis muchslower thanour implementation,but
is comparableoncethe parametersare tuned. Berkeley DB sup-
portsvariable-sizedkeys,crashrecovery, andvery largedatabases,
noneof whichour implementationsupports,andsooneshouldnot
readtoo much into thesedata. It simply suggeststhat we did a

Block insert insert range 1000
Size 440,000 450,000 query random

random random of all searches
values values data

CO B-tree 15.8s 4.6s 5.9s
CO B-tree 54.8s 9.3s 7.1s

Sequentialblockallocation: 2K 19.2s 24.8s 12.6s
4K 19.1s 23.1s 10.5s
8K 26.4s 22.3s 8.4s

16K 41.5s 22.2s 7.7s
32K 71.5s 21.4s 7.3s
64K 128.0s 11.5s 6.5s

128K 234.8s 7.3s 6.2s
256K 444.5s 6.5s 5.3s

Randomblockallocation: 2K 3928.0s 460.3s 24.3s
Berkeley DB (256KB pool): 1201.1s
Berkeley DB (64MB pool): 76.6s

Figure 3: Timings for memory-mapped dynamic trees. The keys are
128 bytes long. The range query is a scan of the entire data set after the
insert. Berkeley DB was run with the default buffer pool size (256KB),
and with a customized loader that uses 64MB of buffer pool. These
experiments were performed on the small machine.

reasonablejob implementingour B-trees.
Our experimentis biasedin favor of theB-treesbecausetheB-

treeswere“young,” that is, blocksareallocatedsequentially. The
dynamicCO B-treedatastructureageswell, whereasB-treesage
poorly, a fact well documentedin the context of �lesystems[31].
We simulatedan agedB-tree in which the blocks are randomly
placedon disk (shown as“Randomblock allocation” in Figure3,
andfoundthatall operations,includinginsertionsandrangequeries
canslow down dramatically, sometimesby two ordersof magni-
tude. (Perhapsthis setupshouldbecalled“super-aged”,sincereal
B-treesareunlikely ever to allocatetheir blockscompletelyran-
domly.) We view the fact that theCO B-treesdo not ageasa sig-
ni�cant advantagefor databasesand�lesystems.

Summary of Results. In this paperwe presenta solutionto the
variable-key-length indexing problem. Our new data structure,
thecache-obliviousstring B-treeis simultaneouslyef�cient for all
block sizesandhasthefollowing performance:

� InsertionsrequireO(1+ kkk(log2hhDii )/B+ logB N) mem-
ory transferswith highprobability(w.h.p.).

� Searchesandsuccessor/predecessorqueries,requireanopti-
mal O(1+ kk0k/B+ logB N) memorytransfersw.h.p..

� Range queries require an optimal O(1 + (kkk + kk0k +
hhQii )/B+ logB N) block transfersw.h.p.. The resultsetQ
is returnedin compressedrepresentationandcanbedecom-
pressedin anadditionalO(kQk/B) memorytransfers,which
is optimalfor front compression.BecauseCOSB-treesstore
all keys in orderon disk, rangequeriesinvolve no extra disk
seeks.

� Thespaceusageis O(hhDii ). In contrast,string B-treesand
per-block front-compressedB-treesusemorespace,O(kDk)
andO(minfk Dk,BhhDiig), respectively.

� TheCOSB-treeis cacheoblivious.Thus,it is on-lineoptimal
with respectto disk prefetchingandef�cient at all levelsof
thememoryhierarchy.

An importantcomponentof the COSB-tree, of independentin-
terest,is the front-compressedpacked-memoryarray (FC-PMA)
datastructure. The FC-PMA maintainsa collectionof stringsD
storedin order, with a modi�ed front compression.TheFC-PMA
hasthefollowing properties:

� For any e, thespaceusageof theFC-PMAcanbesetto (1+
e)hhDii , while enablinga string k to be reconstructedwith
O(1+ kkk/(eB)) memorytransfers.



� Insertinganddeletinga string k into an FC-PMA requires
O(kkk(log2hhDii )/(eB)) memorytransfers.

The advantageof the COSB-tree, assummarizedabove, is that
keys are kept physically in sortedorder on disk, so that range
queriesusea minimumnumberof disk seeks.If we relaxour con-
ditions to matchthoseof the string B-tree, that is, rangequeries
returnpointersto keys andthestringsarenotkeptcompressed,we
canmatchthestringB-treeboundsin anamortizedsense.That is,
wecanachieveO(1+ kkk/B+ logB N) amortizedtransfersto insert
k by usingtheamortizedscanningstructurefrom [6]. In many ap-
plications,rangequeriesmustretrievethestrings,sowepresentthe
versionoutlinedabove, without thestructurefrom [6]. Moreover,
in many applications,keepingorderon disk is worth somelossin
theoreticalbounds,in orderexploit to prefetchingmechanismsby
thedisk andoperatingsystem.

Roadmap. The rest of this paper is organizedas follows. In
Section2, we describea internal-memoryalgorithm for dictio-
nary matchingthat forms the basisfor the COSB-tree. In Sec-
tion 3, we give a staticCOSB-tree, andexplain the staticversion
of locality-preservingfront compression.In Section4, we show
how to dynamizethis staticstructure,includingan explanationof
theFC-PMA .

2. DICTION ARY MATCHING IN INTER-
NAL MEMOR Y

In this sectionwe review a internalmemory(RAM) datastruc-
turefor thedictionary-matchingproblem[3,28], whichwedevelop
into theCOSB-tree.In thedictionary-matchingproblemthegoalis
to preprocessadictionaryD of keys f k1,k2, . . . ,kNg to answerthe
following queries:

� MEMBER(k): Determinewhetherk 2 D.
RAM time: O(kkk+ logN).

� PRED(k): Returnthemaximumk02 D suchthatk0< k.
RAM time: O(kkk+ kPRED(k)k+ logN).

� SUCC(k): Returntheminimumk02 D suchthatk0> k.
RAM time: O(kkk+ kSUCC(k)k+ logN).

We solve this problemusingdivide-and-conquerby exploiting
the following observation: Let T be the compactedtrie2 of D.
Then thereis a centroid vertex r in T that hasat leastN/3 and
at most 2N/3 descendants.Throughout,we identify a trie node
with the stringobtainedby tracingfrom the root to thatnode. To
answerMEMBER(k) we determinewhetherr is a pre�x of k (in
which case,we saythatk matchesr ). If k matchesr , thenwe re-
curseinto the trie rootedat r , theso-calleddowntrie. Otherwise,
werecurseinto thetrie obtainedby excludingr andits subtree,the
so-calledup trie. Either way, we eliminatea constantfraction of
the trie from consideration.Thecentroid treeof T is obtainedby
makingr the root, wherer 's childrenarethe recursively de�ned
centroidtreesof r 'supanddown tries.

To achieve the requiredtime bounds,we cannotsimply com-
parethe lettersof r andk to determineif they match. Eachcom-
parisoncould take time W(kkk), yielding a run time thatcouldbe
W(kkklogN). Instead,we employ a hashfunctionH (suchasfor
Karp-Rabin�ngerprinting [24], CRC,or MD5) that mapsstrings
into integers. Our requirementis that we cancomputethe �nger-
print of every pre�x of r in time O(kr k) in a RAM modelandthat
unequalstringscollidewith polynomiallysmallprobability.

2A compactedtrie is a trie whereall nonbranchingpathsare re-
ducedto edges.
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Figure 4: An example of the RAM data structure. Part (a) shows the
compressed trie representation of a dictionary. Each node in the com-
pressed trie corresponds to a string. The strings that are in the dic-
tionary are represented by black nodes, whereas the strings not in the
dictionary are represented by white nodes. For example, the string 0 is
not in the dictionary. Edges are labeled with strings. Part (b) shows the
centroid tree for the trie. Internal nodes of the tree are shown as rect-
angles. Each internal node of the tree is labeled with a string t . Each
internal node has a solid line linking it to the root of its down trie (the
leaves of which have t as a prefix), and a dotted line linking it to the
root of its up trie (the leaves of which do not have t as a prefix). The
leaves are shown as unadorned strings, and are shown in order (lexico-
graphically from left to right). Each leaf string maintains pointers (not
shown) to its predecessor and successor. Each internal node maintains
a pointer to the leftmost and rightmost matching leaf from the entire
dictionary (not shown.)

To speedup matching,we preprocessthedictionaryby comput-
ing thehashesof all compactedtrie nodes.Then,to testmember-
ship of k, we computethe hashesof all the pre�xesof k. Now,
whenever we want to matcha pre�x of k with a nodein T , we
comparethehashvalues.Thealgorithm,asstated,is MonteCarlo;
we might geta falsepositive on thematching.To make this algo-
rithm LasVegas,we do a character-by-charactermatchonly when
thehashvaluesmatch.Sincetheprobabilityof a mismatchis low,
this doesnot increaseour runningtime,with high probability.

Figure 4 shows an exampleof the RAM datastructure. Fig-
ure 4 (a) shows a compressedtrie containingseveral strings,and
Figure 4 (b) shows the centroid tree. To searchthe trie for
k = 10101 , follow the 10 edgefrom the root, thenfollow the 1
edge,thenfollow the0 edge,andthenfollow the1 edge.In con-
trast,to searchthecentroidtreefor thesamekey, startat theroot,
wherek matchest = 101 sofollow thesolid line. Key k matches
1010 sofollow thesolid line. It doesnot match10100 sofollow
thesolid line which leadsto a leaf.

Now we describehow to perform a successoror predecessor
queryef�ciently . If k 2 D, we canperforma membershipquery
to �nd k in thedictionaryandthenusea doubly linked list to �nd
thepredecessoror successor. But if k 62D, we mustdo something
else.Considertracingdown from therootof T with k. If k is not in
D, thenat somepoint we matchasfar assomenodet andinto the
edgebetweent andoneof its childrenr , but wedonotmatchasfar
asr . If the �rst mismatchbetweenk andthetrie is becausek has
a 0 wherethetr edgehasa 1, thenk is lexicographicallylessthan
all stringsbelow r , andits successoris r 's leftmosttrie descendant
(in theentiretrie). Otherwise,by symmetry, k's predecessoris r 's
rightmosttrie descendant.

Thus, we can always �nd either a predecessoror successorif
every nodein thecentroidtreekeepstrackof its lexicographically
leastandgreatesttrie descendants.If we want thepredecessorbut
�nd thesuccessor, or vice versa,we cantraversethe linked list of
leavesforward,respectively backward,to �nd thedesiredkey.



For example,in Figure4, considertheproblemof searchingfor
k = 1010 which is not actuallya memberof thedictionary. As we
descendthetrie we�nd k matches101 , anddoesnotmatch1010 ,
leadingusto leaf10110 whichis notwhatwewant.Webacktrack
upthetreeto thechildof thelastnodethatmatched(t = 101 ). That
nodehasapointerto theleftmostkey thathaspre�x 101 . Thatkey
is 10100 , which is thesuccessorof 1010 in thedictionary.

Weconcludewith thefollowing lemma:

LEMMA 1 ( [3] ). The dictionary-matching problem can be
solvedwithin theboundsO(kkk+ logN) for MEMBER(k), O(kkk+
kPRED(k)k + logN) for PRED(k), and O(kkk + kSUCC(k)k +
logN) for SUCC(k) ona RAM.

In fact,on a RAM, we cansolve this problemtrivially by direct
trie traversalswithout thelogN additive factor, but we will employ
this centroidmethodin thefollowing to achieve gooddatalocality.

3. STATIC COSB-tree
In this sectionwe presenta staticcache-oblivious stringB-tree.

Our datastructurepreprocessesa setD of N keys f k1,k2, . . . ,kNg
to answer the following query types ef�ciently in the cache-
oblivousmodel:

� MEMBER(k): Determinewhetherk 2 D.
Memorytransfers:O(1+ logB N + kkk/B).

� PRED(k): Returnk0wherek0 is thepredecessorof k in D.
Memorytransfers:O(1+ logB N + kkk/B+ kk0k/B).

� SUCC(k): Returnk0wherek0 is thesuccessorof k in D.
Memorytransfers:O(1+ logB N + kkk/B+ kk0k/B).

� RANGE-QUERY(ki ,k j ): Given two keys k i ,k j 2 D, return
a compressedrepresentationof all keys in thesetQ = f k 2
Djki � k � k jg.
Memorytransfers:O(1+ logB N+ (kkik+ kk jk+ hhQii )/B),
plusO(1+ kQk/B) to uncompressresults.

We �rst presenta relatively simpleCOSB-tree, which only sup-
portsquerieson uncompresseddata. We thenpresenta variation
on front compression[5,15,32] thatpermitsuncompressinga key
k with only O(kkk/B) block transfers.

3.1 Static COSB-treewith no compression
A COSB-treewith no compressionis madeup of two pieces,

an arrayof keys storedin lexicographicorderanda centroidtree
for fastersearchingof the data. The centroidtree is just as de-
scribedin Section2, except that the leaves of the tree point to
locationsin the array of keys, and the tree is laid out to achieve
good cache-oblivious performance. The centroid tree hasdepth
O(logN), but notall leaveshave thesamedepth.Thereareseveral
ways[2,9,17,22,29] to lay out sucha treein memoryto achieve
optimal cache-oblivious searching,that is, with O(logB N) mem-
ory transfers.However, thesetechniquesrequirethetreeto bepro-
cessedin a batch,whereaswe needa layoutthatwill lend itself to
dynamizationin Section4.

Theweightof a nodein a treeis de�ned to be the total number
nodesin the subtreerootedat the node. We exploit the fact that
centroidtreesareweightbalanced, that is, for eachnode,1 plus
the weight of the left subtreeis within a constantfactorof 1 plus
theweightof theright subtreeof thatnode.Theconstantturnsout
to be 2 for centroidtrees. The restof this subsectiondescribesa
modi�ed vanEmdeBoas(vEB) layoutfor weight-balancedbinary
trees.

Thestandardapproachfor laying out a treein memoryis to cut
thetreealonga frontier sothatthetop treeandeachof thebottom
treeshave size roughly

p
N. The original layout in [29] did this

partitioningby selectingbottom-treerootsby height.Thedif�culty
in applyingthis methodhereis thatcentroid-treeleaveshave non-
uniform depth. Nonetheless,it is possibleto adaptheight-based
partitioningto centroidtrees,but we do not know how to maintain
sucha layoutdynamically. Instead,we usetheweightof a nodeto
selectit for thefrontier, asfollows.

Givenintegerw, we saythata nodeis selectedby w if both that
nodeand its sibling have weight at leastw, and neitherof their
childrenareselectedby w. Thatis,weselectthedeepestnodesthat
have weightat leastw andwhosesiblingsalsohave weightat least
w. Selectednodeshave thefollowing property:

LEMMA 2. All nodesselectedby w haveweightat leastw and
at most3w.

Proof. If any nodeu hasweightgreaterthan3w, thenbothof u's
childrenhave weightat leastw, becausecentroidtreesareweight
balancedwith a constantof 2. If bothof u's childrenhave weight
at leastw, thenthechildrenwould beselected,ratherthanu.

De�ne thehyper�oor of x, denotedbbxcc, to be2blgxc. Thus,the
hyper�oor roundsx down to thenearestpower of 2. Let thehyper-
hyper�oor bebbbxccc = 2bblgxcc. Thus,thehyperhyper�oorroundsx
down to thenearestpower of a power of 2.

To lay outacentroidtree,weselectnodesby weightw = bbbNccc.
We call the resultingnodesthe rootsof the bottomrecursivesub-
treesC1,C2, . . . ,Cz, andcall theremainingtree,above, thetop re-
cursivesubtreeC0. We now lay out C0,C1, . . . ,Cz in memoryin
thatorder, recursively with selectionweight

�
bbbNccc.

For this staticconstruction,it would alsowork to selectnodes
by weight N1=2,N1=4,N1=8 andso forth, ratherthanarrangingfor
theweightsto alwaysbepowersof powersof 2. We usepowersof
powersof 2 becauseit is convenientin Section4. Thekey insight
for eitherconstructionis that theselectionweightsmustbeall the
samefor recursive subtreesat a given level of detailed, de�ned as
follows. Eachlevel of detail is a partition of the treeinto disjoint
recursive subtrees.At the coarsestlevel of detail the entire tree
formstheuniquerecursive subtree.At the �nest level of detail,0,
eachnodeforms its own recursive subtreewith selectionweight
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. In general,at level-of-detailk we view the treeaspartitioned
into recursive subtreeswith selectionweight22k

. Thekey property
of thelayoutis that,at any level of detail,eachrecursive subtreeis
storedin a contiguousblockof memory.

It is straightforward to lay out treesC1, . . . ,Cz recursively be-
causethey areasweight-balancedasC, i.e.,2-balanced.However,
C0 is only 4-balanced.If we wereto lay out C0 in thesameway,
thenC0 's recursive subtreewould only be 16-balanced.Instead,
we employ thefollowing strategy for laying out recursive subtrees
thatdonotcontainleavesof C. Supposethatwewantto �nd recur-
sive subtreeswith selectionweight22i

above nodeswith selection
weight22 j

. Thenwe selectnodesweight22i+2 j
to be therootsof

thebottomrecursive subtrees.

LEMMA 3. Subtreescontainingleaveshavesizeone to three
timestheir selectionweight. Subtreesthat do not contain leaves
havesizebetweenonethird andthreetimestheir selectionweight.

LEMMA 4. Thisnonuniformlayoutof a weight2-balancedbi-
nary treeincurs O(logB N) block transfers ona root-to-leaftraver-
sal.

THEOREM 5. ThisstaticCOSB-treerepresentsa setD of N el-
ements,and supportsmember, predecessor, successor, and range
queries. The operation MEMBER(k) runs in O(1 + logB N +



kkk/B) memory transfers w.h.p., and PRED(k), and SUCC(k)
run in O(1+ logB N + kkk/B+ kk0k/B) memorytransfers w.h.p.,
where k0 is the predecessor(resp.successor)of k. The opera-
tion RANGE-QUERY(k,k0) runs in O(1+ logB N + (kkk + kk0k +
kQk)/B) transfers,whereQ issetof keysin theresult.Theseresults
hold in thecache-obliviousmodelwith thetall-cacheassumption.

Proof. Therearetwo cases:
Case1: kkk = O(M), i.e., the key is small comparedto mem-

ory. ComputingtheKarp-Rabin�ngerprints takes1+ k/B memory
transfers,andall keys remainin internalmemorywhile we search
in thecentroidtree.

Case2: kkk = W(M), i.e., thekey is largecomparedto memory.
In this case,the Karp-Rabin�ngerprints that we computecannot
�t in memoryat the sametime. Thus,sincewe query O(logN)
�ngerprints, thenumberof memorytransfersis O(logN+ logB N+
kkk/B+ 1). However, theO(logN) term is dominatedaslong as
logN < kkk/B. Since the CO model is transdichotomous(B =
W(logN)) [20] andassumingthe cacheis tall (M = W(B2)) [21],
logN � M/B � kkk/B.

Thescanboundsaretrivially obtained.

3.2 Locality-pr eserving fr ont compression
In thissubsectionwe show how to addcompressionto ourstatic

COSB-tree. We develop a new strategy for achieving front com-
pressionwithout high decodingcost. The front-compresseddata
thenreplacesthearrayof keys usedin thestaticCOSB-treeabove.

Frontcompressionworksasfollows: Givena sequenceof keys
k1,k2, . . . ,ki to store, a naive representationrequires � j kk jk
memory. Instead,we let p j+1 be the longestcommonpre�x of
k j andk j+1. In this case,we canremove nearly � j kp jk memory
from therepresentationby representingthekeysas

k1,kp2k,s2,kp3k, . . . ,kpik,s i

wheres j is the suf�x of k j after removing the �rst p j bits. To
decodek j , oneconcatenatesthe�rst p j bits from k j� 1 to s j . Find-
ing the �rst p j bits of k j� 1 may requirefurther decoding,possi-
bly resultingin expensive decoding.Front compression,which is
a losslesscompressionscheme,requiresthe thesamespaceasthe
(uncompacted)trie for D [26]. Thetotalsizeof afront-compressed
setof keys D is written ashhDii .

Frontandrearcompressionaredescribedin [14,15,32]. Refer-
ence[26] describesfront compressionin anexercise,but provides
lessdetail.Reference[5] arguesthatfrontandrearcompressionare
particularlyimportantfor secondaryindices.Frontcompressionis
relevant for compressingthe keys storedat the leavesof a search
tree,whereasrearcompressionis essentiallyusedonly in the in-
dices,and is subsumedby the string-B-treetechniquespresented
hereandin [19].

Our goal is to achieve O(1+ kkk/B) memorytransfersto de-
compressany key in D, but to storeD with O(hhDii ) space.The
challengeis that, for front compression,uncompressinga single
key mayrequirescanningbackthroughtheentirecompressedrep-
resentation.This is a well known problemfor front compression.
Onecommonstrategy is to compressenoughkeys to �ll somepre-
de�ned block andto startthecompressionover whenthatblock is
full. This ideadoesnot provide any theoreticalbounds,however:
the compressionachieved canbe muchworsethanthe bestfront
compression,anda block sizemaybearbitrarily biggerthankQk,
sodecompressionalsohasnoguarantees.

Herewe show a locality-preservingfront compression(LPFC),
which meetsour goal. Our modi�ed compressionschemebegins
with key k1. Supposewe have compressedthe�rst i � 1 keys and

now we want to addkey k i . We setc = 2+ e/2. We scanback
ckk ik charactersin the compressionto seeif we could decodek i
from just this information.If so,we addpi ,s i asbefore.If not,we
add0,ki to thecompression,that is, we do not compresskey k i at
all. Call this sequencethelocality-preservingfront compressionof
D, denotedLPFC(D).

The decodingschemeis just as with standardfront compres-
sion, and it immediatelymatchesthe desiredbounds: decoding
ki touchesat most ckk ik contiguouscharacters,and decoding
Q touchesO(kQk) contiguouscharacters. The remainingissue
is to show that LPFC achieves a compresseddictionary of size
(1+ e)hhDii .

LEMMA 6. The total lengthof the LPFC(D) is at most(1+
e)hhDii and every key k i can be decodedwith O(kk ik/eB) block
transfers.

Proof. Call any key k thathasbeeninsertedwithout front com-
pressiona copiedkey. Denoteasnativeany charactersin thecom-
pressionthat arenot copied(that is, charactersthat appearin the
full front-compressedversionof D). Denotethe precedingckkk
charactersasthe left extentof k. Notice that if k is a copiedkey,
therecanbeno copiedkey beginningin theleft extentof k. How-
ever, a copiedkey mayendwithin k's left extent.

We considertwo cases.In the �rst case,the precedingcopied
key endsat leastckkk/2 charactersbeforek. Then,we saythatk
is uncrowded. In thesecondcasetheprecedingcopiedkey k ends
within ckkk/2 charactersof k. Then,we saythatk is crowded.

Partition the sequenceof all copiedkeys just beforeeachun-
crowdedkey. We call eachsuchsubsequencea chain. Note that
eachchainbeginswith anuncrowdedkey andis followedby a se-
quenceof crowdedkeys.

Furthermore,the lengthsof thesecrowded keys decreasegeo-
metrically. To seethis, considera crowdedkey k. Sincek's pre-
decessorin thechain,k0, mustbegin beforek's left extent,it must
have lengthat leastckkk/2.

Thus, if k is uncrowded, the kth crowdedkey in its chainhas
lengthat mostkkk(2/c)k. The total lengthof all keys in a chain
startingat k is thusat mostckkk/(c� 2).

Finally, chargethecostof copying thesekeysto theckkk/2 char-
actersprecedingtheuncrowdedkey at thebeginningof thechain.
This chargeis atmost2/(c� 2) = epercharacter.

THEOREM 7. The static COSB-tree with front compression
representsa set D of N elements,and supportsmember, pre-
decessor, successor, pre�x, and range queries. The operation
MEMBER(k) runs in O(1 + logB N + kkk/B) memorytransfers
w.h.p.,andPRED(k) andSUCC(k) run in O(1+ logB N + kkk/B+
kk0k/B) memorytransfers w.h.p., where k0 is the predecessor
(resp. successor)of k. Theoperation RANGE-QUERY(k,k0) runs
in O(1+ logB N + (kkk + kkey0k + hhQii )/B) transfers. Thecom-
pressedkeys can be decodedfor an additional kQk/B transfers.
All resultshold in the cache-obliviousmodelwith the tall-cache
assumption.

4. DYNAMIC COSB-trees
In this sectionwe dynamizetheCOSB-tree. We usea combina-

tion of cache-obliviousdata-structuretools,suchasvanEmdeBoas
(vEB) layouts[29] andpacked-memoryarrays(PMAs) [9,23], but
noneof thesearestrongenoughfor our purposes.For this paper
we needaugmentedversionsof thesetools. In the following, we
presentan overview of the threepartsof a dynamicCOSB-tree.
We thengive a detaileddescriptionof eachin turn.



The Data Structure
The dynamicCOSB-treeconsistsof threepieces. The top piece,
called the centroid tree, is a dynamicversionof the centroidtree
describedin Section3, i.e., a binary treeof depthO(logN). The
centroidtreeis embeddedinto a packed-memoryarraywith a dy-
namiccache-obliviouslayout,sothata root-to-leaftraversalin the
centroidtreerequiresonly O(logB N) transfers.Thecentroidtreeis
built upononly Q(N/ logN) keys. Weusethecentroidtreeto �nd a
key thatis within O(logN) of our targetkey usingO(logB N) mem-
ory transfers.Thereasonto build the top treeon a sparsedataset
is that thereis anadditive O(logN) insertioncostin the top level,
which is amortizedawaywith this level of indirection.

The centroid-treeleaves point into a middle layer, called the
hashdata. This is a packed-memoryarray [9] that containsO(1)
words of information for eachkey. This layer is designedto al-
low for fastsequentialsearchesof predecessorandsuccessorkeys.
Whenwe enterthehashdatafrom thecentroidtree,we arewithin
O(logN) keys of our true successor/predecessor. We �nish the
searchin this local neighborhoodby a sequentialscan,which uses
O(1+ (kkk+ logN)/B) memorytransfers.This localsearchworks
by storing,for eachkey, the�ngerprint of thelongestcommonpre-
�x of thekey with it predecessor.

Oncewe have localizedour target key, we follow a pointer to
thebottompiece,anotherpacked-memoryarraycalledthekeydata.
The keydatacontainsthe actualkeys, sortedin lexicographicor-
derandcompressed.For thecompressionwe usea dynamicvari-
ant of our augmentedfront compressionof Section3. This dy-
namizeddatastructuresupportsinsertionor deletionof a key k
with O(1+ kkklog2hhDii /B) block transfers(amortized),oncewe
have determinedwherethekey belongs.

If we wantfasterupdates,but thedatadoesnot needto bephys-
ically in sortedorder, thenwe addanotherlevel of indirection,a
scanningstructure(see[6]), which reducesthe insertion/deletion
costto O(1+ kkklog2+e loghhDii /B), for any e> 0. If, aswith the
original stringB-tree,rangequeriesreturnpointersto keys, not to
thekeys themselves,thenwe canuseyet anotherlevel of indirec-
tion in additionto thescanningstructureto matchthestringB-tree
boundsin amortizedsensewhile remainingcache-oblivious.

Therestof this sectiondetailsthethreepieces,startingwith the
keydata,thenthecentroidtree,andthenthehashdata.Thesection
concludeswith an explanationof how thesepieces�t togetherto
achieve ourdesiredbounds.

KeydataPMA
For the staticCOSB-tree, we showed how to implementlocality-
preservingfront compression. For the dynamicCOSB-tree, we
needto supportinsertionsanddeletionswhile maintainingprov-
ablygoodcompression.Weemploy apacked-memoryarray, which
allows us to keepsdatain orderdynamically. ThePMA, asorigi-
nally described,supportskeys of unit length. However, it directly
achievesthedesiredboundsif we breakup any long key into unit-
lengthpiecesandusetheoriginalalgorithm.

We alreadyshowed how to implementcache-ef�cient decoding
for front compression.We needanotherideato implementcache-
ef�cient insertionsanddeletions.We preserve thedecodinginvari-
ant: if decodingkey k requiresmorethankkk/e elementsof the
compressedrepresentationto bescanned,thenk shouldbecopied.

However, insertionsinterferewith this invariant. To seewhy,
observethatwhenweinsertakey, wecaneasilycheckits left extent
to seeif needsto bea copiedkey, aswedid for thestaticcase.The
problemcomeswith keys to the right. Supposethat a key k � is
insertedwithin the left extent of somekey k. If k andk � arenot
copiedkeys, the insertionof k� may increasethe decodingcost

of k to above kkk/eB transfers.A solutionwould be to copy key
k, that is, to replaceits compressedrepresentationwith a copied
representation.However, suchproblemkeys k may be large,and
so their left extentsmay be arbitrarily long. We would thus be
requiredto look arbitrarily far to theright of k � to �nd aviolation.

We present a modi�ed compressionscheme, the Dynamic
Locality-PreservingFrontCompression(DLPFC), whichpreserves
thecompressionrate,preservesthelocality in thedecoding,anden-
forceslocality for insertions.To implementDLPFC, we augment
the(static)LPFCwith copiedpre�xes. For LPFC, eachkey could
becodedwith a pair representingthe largestcommonpre�x (lcp)
with its predecessorandits suf�x beyondthe lcp; for DLPFC, we
maynow alsochooseto explicitly copy any pre�x of thekey. For
LPFC, wedecodekeysfrom thelastcharacterforward;for DLPFC,
we maysimultaneouslydecodesomepre�x andsomesuf�x until
wemeetsomewherein themiddle.Wewill seethatcopiedpre�xes
canbeusedto preventtheeffectsof aninsertionfrom propagating
too far forward.

Thealgorithmproceedsasfollows. We�rst checktheleft extent
of theinsertedkey k� to seeif k� shouldbecopied.If so,we insert
it asa copiedstring andaredone. Otherwise,we needto check
thecharactersto theright of k� . Call the �rst ckk � k charactersto
the right of the insertionpoint the near right extentof k � andthe
�rst 3ckk � k charactersthe far right extent. The lcp ` of k � and
whichever key is at theendof the far right extent is theminimum
lcp in the far right extent. If thereis a copiedkey in the far right
extent,or a copiedpre�x of lengthat least`, thenthetheeffectsof
insertingk� do not propagateto the endof its far right extent, in
whichcasek� is insertednormally. If thereis propagation,thenwe
considerthekey k0 beingtouchat theendof thenearright extent.
Let `0bethelcp of k� andk0. Thenwechangetherepresentationof
k0 to includea copiedpre�x of its �rst `0characters.Furthermore,
for technicalreasonsthat will becomeclear in the following, we
also includea copiedpre�x of the �rst `0 charactersof k� in its
representation.

THEOREM 8. Dynamic Locality-PreservingFront Compres-
sion is a compressionschemethat can representa setof N keys
D in sizeat most(1+ e)hhDii + N bitssothatkey k canbedecoded
in O(1+ kkk/B) memorytransfers and,givena �nger to theloca-
tion of insertion,key k� canbeinsertedin O(1+ kk� k/Be) memory
transfers in theCO model.

Proof. Insertingcopiedpre�xes in our algorithmcanonly im-
provedecodingcomplexities,andthenumberof bytesscanneddur-
ing insertionis linear. Now we mustprove thatinsertingsuchkeys
doesnotcausetoomuchdamageto thecompression.

If thereis a copiedpre�x thatstartswithin thenearright extent
of k� , then k� will not inducea pre�x copy, sincethe effectsof
insertingk� cannotpropagatebeyondthatcopiedpre�x. Thus,any
copiedpre�x afterthefar right extentof k � musthave beencaused
by theinsertionof akey k0thateitherstartsafterthefar right extent
of k� or beforek� . Wechargek� 's copiedpre�x only to characters
within k� 's nearright extent, so we do not careaboutinsertions
afterthefar right extent.

Considernow the other typesof insertions: a key k0 inserted
beforek� thatinducesa pre�x copy afterthefar right extentof k � .
Thenear(andindeedthe far) right extentof k � is partof thenear
right extent of k0, sowe needto make surethatwe do not charge
thesamecharacterstwice for pre�x copying.

To keepchargesfrom overlapping,we take any copiedpre�x
of length ` at the end of a nearright extent and charge it to its
precedingc` characters.Sinceeachsuchcopiedpre�x is paired



with a matchingsize-̀ copiedpre�x at the beginning of the near
right extent,eachcharacteris charged2/c units.

Thecopiedpre�x of k0 is of sizeat mostkk � k by thetransitivity
of lcp in lexicographicallyorderedstrings. Thus,the chargedre-
gion for k0 is of lengthat mostckk � k, but it beginsat least3ckk � k
afterk� , andthuscannotoverlapthenearright extent,andparticu-
larly thechargedregionof k� . Therefore,nocharactergetscharged
twice. As before,sete= 2/c.

Centroid tr ee: Dynamic layout of weight-
balancedtr ees
In thissectionweshow how to maintainthevEB layoutof adynam-
ically changingweight-balancedtree. This approachwasalready
usedin the�rst CO B-tree[8,9], but now we show how to support
fasterdynamicupdatesmoreef�ciently andonmoregeneraltrees.

Recall that a treeis weightbalancedif for all nodes,oneplus
theweightof theleft subtreeis within aconstantfactorof oneplus
theweightof theright subtree.For (static)centroidtrees,this con-
stantis 2 in theworstcase.For dynamiccentroidtrees,we needa
constantgreaterthan2.

By allowing for c-weightbalance,for constantc > 2, we obtain
the following guarantee:A nodev only getsout of balanceevery
W(WEIGHT(v)) insertionsor deletionsof nodesthat are descen-
dantsof v (see,e.g.,[27]).

This propertyof insertionsmeansthat whenever v falls out of
balance,wecanafford to scanall of v'ssubtreefor atotalamortized
costof O(logN) work andO(1+ (logN)/B) memorytransfersper
update(see,e.g.,[27,Theorem5]). In principle,thisability to scan
descendantsenablesusto maintainthevEB layoutof thecentroid
treedynamically; if a nodefalls out of balance,then we can af-
ford to rebuild thewholesubtreeandits vEB layout. We show the
following:

LEMMA 9. There exists a dynamicvan EmdeBoaslayout of
a weight-balancedtreein a PMA, where the amortizedrebalance
costis O(1+ (log2 N)/B) per update. Thislayouthastheproperty
that whenever a nodev is in a rebalanceinterval of thePMA,then
soare all of v's descendants.

Proof. We maintainthe sortedorderof treenodesin the vEB
layout in memoryby storing the nodesin a packed-memoryar-
ray (PMA) [9]. The PMA storesN elementsin sortedorder in a
Q(N)-sizedarray, subjectto insertionsor deletions.Whenwe in-
sert/deletean elementin the array, we scanleft and right to �nd
a neighborhoodof the arraywhosedensityis “within threshold.”
Then we rebalancethe neighborhood,i.e., we spreadout the el-
ementsuniformly in the range. Thus, in principle, the amortized
cost to insert a node v into the weight-balancedtree is O(1 +
(log2 N)/B) to make room in the PMA plus O(1+ (logN)/B) to
re-layoutthetree.

Unfortunately, thisanalysisis incompletebecauseit doesnotac-
countfor thecostto maintainthepointersin thetreeasnodesshift
aroundin the PMA. To understandthe problem,consideran up-
per recursive subtreeU and lower recursive subtreesL1L2L3 . . .
laid out in orderUL1L2L3 . . .. An insertnearthe“left” partof L1
maycausemany nodesin U to move aroundin thePMA. In order
to maintainthechild pointers,wealsomaintainparentpointers,but
maintainingparentpointerscausestrouble.If wemovesomenodes
in U, whicharehighup in thetree,thenwealsohave to follow the
child pointersof thesemoved nodesto updatethe parentpointers
of thechildren.Unfortunately, thesechildrenmaybespreadout in
the vEB layout causingonememorytransferper child for a total

updatecostof O(log2 N) memorytransfers.3

Our solutionis to usea more�e xible PMA [7,25]. Theearliest
PMA [9] givesnochoiceto theuserin determiningtheextentof the
rebalanceinterval; therebalanceintervalsarede�ned by thenodes
of an implicit binary treeplacedon top of the array. A moreso-
phisticatedPMA [7,25] enablesusto choosetheneighborhoodby
growing left or right arbitrarily until we �nd a neighborhoodthat
is within theappropriatedensitythreshold.Thenwe rebalancethis
neighborhood.This PMA givesus the �e xibility to lay out arbi-
trary weight-balancedtrees.(In contrast,thedynamicvEB layout
from [9] only appliesto strongly weight-balancedtrees(see[9])
andrequiresindirectionfor ef�ciency.)

Themain ideaof our layoutalgorithmis thatwe do not include
a nodev in a PMA rebalanceunlesswe alsoincludeall of v's de-
scendants.Thisrebalancepolicy completely�x esthepointermain-
tenanceproblemsfrom above. We now give the rebalancepolicy.
Supposethat we insert/deletea leaf in the weight-balancedtree.
This leaf is in somelower recursive subtreeLi with target size
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, which is in the layout UL1 . . .Li . . .Lx. We start with a re-
balanceinterval in the PMA consistingonly of Li . If the density
is not within threshold,thenwe can addLi� 1 or Li+1 to the re-
balanceinterval. If the densityis still not within threshold,then
weaddmorelower recursive subtrees,andonceall lower recursive
subtreesL1 . . .Li . . .Lx have beenadded,we addthe upperrecur-
sive subtreeU to the rebalanceinterval. However the rebalance
interval maynotbewithin threshold.Let L0

j = UL1 . . .Li . . .Lx be

the lower recursive subtreewith targetssize221
, which formspart

of the layoutU0L0
1 . . .L0

j . . .L
0
y. We repeatthesameprocedureby

growing therebalanceinterval startingwith L0
j , addingthe top re-

cursive subtreeU0 last, andproceedingto recursive subtreeswith
targetsize222

, 223
, 224

, etc.
Thecrucialfeatureof thevEB layoutenablingthedynamicstrat-

egy is thatall recursive subtreesin a level of detailhave asymptot-
ically thesamesize;seeLemma3. Thus,we establishthelemma.

Centroid tr ee: Modi�ed successorqueries
We now show how to implementpredecessor/successorqueries
in the dynamic data structure. Unfortunately the predeces-
sor/successorqueriesin thestaticstructuredonotdynamizeeasily.
The staticCO string B-treemaintainsa pointerto the largestand
smallestdescendantsof eachcentroidin theoriginal trie, andanin-
sertof onekey meansthata largenumberof nodesin this centroid
treemayneedupdatedmax/mindescendantpointers.

We avoid this problem by changingthe speci�cation of the
max/min descendantpointers,basedon the following structural
propertyof thecentroidtree:

LEMMA 10. Let a be the parent nodeof g in the compressed
trie. Then,in thecentroid tree, eithera is a descendantof g, or gis
a descendantof a.

3In theconferenceversionof theoriginal CO B-tree[8] this prob-
lem was partially solved using “dummy nodes”; speci�cally, as
muchspaceaspossiblewasaddedin the PMA betweeneachtop
recursive subtreeU andits rightmostbottomrecursive subtreeL1
at eachlevel of detail, reducingthis above costby a W̃(

p
B) fac-

tor. Both conferenceandjournalversions[9] ultimatelyavoid the
problemby using indirection. Speci�cally, a top treestoresonly
a Q(N/ log2 N) fraction of the elements,so that while modi�ca-
tionsof thetop treeareexpensive, they occuronly everyW(log2 N)
updates. SubsequentCO B-treeshave avoided arbitrary weight-
balancedtrees.



Proof. Considerstartingat therootof thecentroidtree.If neither
a or g is the centroid,thenboth nodesare in the up-treeor both
nodesare in the down-tree,andwe recursively considerthe new
trie. Otherwise,onenodeof a andg is a centroid,andthe other
nodeis thereforeeitherin theup-treeor down-treeof thatnode.

In the new speci�cation, the predecessor(successor)pointerof
a nodev pointsto thelexicographicallyminimum(maximum)de-
scendantleaf of v (which is a key) in the centroidtree. Now the
successor/predecessorpointersmay no longerpoint to the lexico-
graphicallyminimum/maximumdescendantsin thesubtrie,only in
thecentroidtree.To understandthisdistinctionconsidersomesub-
trie. As we descendin the centroidtree,someof the subsubtries
have beenmatchedby down-treeshigherup in the centroidtree,
andthereareO(logN) suchsubsubtries.The leftmostdescendant
of theroot of thesubtrieis theleftmostdescendantof thatnodein
the centroidor the leftmostdescendantof oneof the ancestorsof
thatnodein thecentroidtree,sincetheseancestorsrepresentdown-
treesthatwereremoved.

We now explain how to answersuccessor/predecessorqueries.
In the staticcasea successor/predecessorquerywasansweredby
following the max/mindescendantpointersfrom a singlenodev.
In thedynamiccase,we needto look at themax/minpointersfor
O(logN) nodes:v andall of v's ancestorsin thecentroidtree. By
Lemma10, theminimumandmaximumdescendantsof v belongs
to this set. We can determinewhich pointersindicatethe mini-
mumandmaximumdescendantwithouthaving to follow thepoint-
ers (e.g.,by usinga tree-labelingschemeandorder-maintenance
queries[6, 18] to determinewhich nodesaredescendantsof v in
the trie, andfrom thosethatare,looking at theleftmostandright-
mostpointingpointersin thePMA). Thus,weanswerthesequeries
matchingthestaticperformanceof Theorem5.

With thisnew speci�cation,whenwe inserta key into thePMA,
we only needto updatethe �rst andlastpointersof O(logN) cen-
troid nodes.Thus,we achieve following theperformancebounds:

LEMMA 11. Wecananswerpredecessorandsuccessorqueries
in thesameboundsasTheorem5, where on insertsanddeletesof
keysonlyO(logN) centroid nodesare affected.

Centroid tr ee: Rebuilding
When keys are insertedor removed from the centroidtree,parts
of the treemaygo out of balanceandneedto be rebuilt. We can-
not simply employ an existing cache-oblivious layoutstrategy for
nonuniformtrees(e.g.,[2,17,22]) becausewewantto rebuild only
subtrees,nottheentiretree.Thecentroidtreeof Section3 is always
weightbalancedto within a factorof two. If we allow thecentroid
treeto “drift” outof balance(sayto within afactorof four), thenwe
have a weight-balancedpropertyanda subtreeneedsto be rebuilt
only if a relatively largenumberof insertionsor deletionshave oc-
curred. Herewe explain how a given subtreeof the centroidtree
canberebuilt without incurringtoomany block transfers.

First, put all the trie elements,storedin the centroidtree into
DFS/Euler-tourorderfor thetrie. This reorderingcanbedonebot-
tom up in O(logN) scansof thecentroidtree,sincethetreeis only
O(logN) deep. Thengiven the trie in Euler-tour order, scanthe
trie to �nd thecentroid,partitionthetrie into upperandlower trees
storedin differentpartsof memory, andthenrepeatrecursively on
eachpart.

Thus,we have thefollowing performancebounds:

LEMMA 12. Theamortizedcostto re-layouta centroid treeis
O(1+ (log2 N)/B) amortizedmemorytransfers. Thiscostdoesnot
includethemaintenanceof themax/mindescendantpointers.

Centroid tr ee: Maintaining PMA max/min de-
scendantpointers
We now show how to maintainthe max/mindescendantpointers
from thecentroidtreeinto thePMA whenthePMA elementsshift
around. We show that this updatemay in fact have an additive
costof O(logN) memorytransfers,meaningthatthealgorithmfor
rebalancingcentroidtrees,asdescribed,hasanadditionaladditive
costof O(logN) memorytransfers.

Let D representthekeys in thedown-treeof theroot,UL repre-
sentthekeysin theup-treelexicographicallybeforeD, andUR rep-
resentthekeys in theup-treelexicographicallyafterD. Thus,the
lexicographicorderis ULDUR, andthecentroidorderis DULUR.
Let D be further divided into D0, U0

L, andU0
R, let D0 be further

divided into D00, U00
L , and U00

R, etc. Thus, the lexicographicor-
der is ULU0

LU00
LU000

L D000U000
R U00

RU0
RUR, and the centroidorder is

D000U000
L U000

R U00
LU00

RU0
LU0

RULUR. Supposethat . . .U000
R U00

RU0
RUR

eachhave very few keys in them. Then, an insert in the PMA
may move the keys in U000

R U00
RU0

RUR, which are in lexicographic
order. However, thereare pointersto thesekeys in the centroid
tree,andthecentroid-treenodesarestoredin centroidorder. Thus,
asmallnumberof movesin thePMA meansthatweneedto update
in what we will show is O(logN) distinct regions in the centroid
tree.Sincethereis no datalocality, this updatecoulduseO(logN)
memorytransfers.

LEMMA 13. Theamortizedcost to updatethe centroid treeis
O(( log2 N)/B+ logN) amortizedmemorytransfers. Theadditive
O(logN) memorytransfers comesfrom maintainingthe max/min
descendantpointers.

Proof. Thecentroidtreeis storedin memoryin centroidorder,
but we updatethepointersof thecentroidtreein lexicographicor-
der. We begin by showing that if we scanall centroid-treenodes
in lexicographicorder, then the numberof memory transfersis
O(N/B+ 1). In a left-to-right scan,we �rst scanthe elementsin
UL (the up-treewhoseelementsare lexicographicallybeforethe
centroid),thentheelementsin D (thedown-tree),andthentheele-
mentsin UR (theup-treewhoseelementsarelexicographicallyaf-
terthecentroid),proceedingrecursively within eachsubtree.In this
treeof down-trees,left up-trees,andright up-trees,markthedeep-
estnodescontainingat leastB descendants,but whereall (three)
children contain fewer than B descendants.There are O(N/B)
suchnodes,andeachnodecausesO(1) memorytransfers.To �n-
ish countingmemorytransfers,observe that therearealso left or
right up-treeswith fewer thanB descendantsthatare“aunt/uncle”
nodesof markednodes,i.e.,childrenof ancestorsof markednodes;
eachof thesenodesalsocausesO(1) memorytransfers.However,
therearealsoonly O(N/B) of thesenodes,becauseeachleft (re-
spectively right) up-treeof this form is matchedto a sibling right
(resp.left) up-treecontainingmorethanB descendants,andthere
areonly O(N/B) suchnodes.

We now show how theprecedinganalysischangesif we do not
scanall nodes,only a rangeof lexicographicallycontiguousnodes
in thecentroidtree.Speci�cally, wemayscantheleft up-treewith-
outhaving to scanthesiblingdown-treeor right up-tree.Thesame
analysisappliesif wedonotscanall thedata,but instead,for every
scannedleft or right up-tree,we alsocompletelyscanthe sibling
down-tree.We do not retainthesameanalysiswhenwe scana left
(resp.right) up-treebut not the sibling down-treeor sibling right
(resp.left) up-tree.Themaximumnumberof suchleft or right up-
treesthatwe couldscanis O(logN). For eachof theseorphanleft
or right up-trees,we payanadditionalO(1) memorytransfers,for
a totaladditive costof O(logN) memorytransfers.



HashdataPMA and indir ection
Thecentroid-treeisbuilt onQ(N/B) keys,andthehashdataPMA is
built uponN keys,storingO(1) informationabouteachkey. There
arepointersfrom theleavesof thecentroidtree(representingkeys)
to theelements(againrepresentingkeys) in thehashdataPMA, and
therearepointersfrom eachelementin the hashdataPMA to its
associatedkey in the keydataPMA. Thereare no back pointers
becausethesewouldbetooexpensive to maintain.

ThehashdataPMA alsostoresthe�ngerprint of thelongestcom-
monpre�x betweeneachkey andthepreviouselement,alongwith
thenext characterin thekey. Thus,asearchproceedsby �nding the
predecessorandsuccessorin thecentroidtree,searchingthehash-
dataPMA usinganadditionalO(1+ (logN)/B) memorytransfers
to �nd the representationof the predecessorandsuccessorin the
hashdataPMA, andthenjumpinginto thekeydatato returntheac-
tual values.

With this extra level of indirectionthe additive O(logN) mem-
ory transfersin theupdatecostof thecentroid-tree(Lemma13) is
amortizedto anO(1) updatecost,giving thedesiredperformance
bounds.

Wenow give moredetailsof how thesearcheswork in thehash-
data.By searchingin thecentroidtree,we getpointersto thepre-
decessorandsuccessorin thecentroidtree,which givesusa range
of Q(logN) possiblekeys in thehashdata.Notethat thepredeces-
sorandsuccessorin thecentroidtreemaybemuchlongerthanthe
searchkey k, but we do not needto readthesekeys unlesswe ac-
tually returnthem. Instead,we scanfrom the leftmostkey in the
rangewhich precedesk. By comparingthe �ngerprints andnext
charactersandby scanningk once,wecandeterminethepredeces-
sorandsuccessorkeys.

Wethusobtainthefollowing performancebounds:

THEOREM 14. ThedynamicCOSB-treewith frontcompression
representsa setD of N elements,andsupportsmember, predeces-
sor, successor, andrange queries.Theoperation MEMBER(k) runs
in O(1+ logB N + kkk/B) memorytransfers w.h.p.,and PRED(k),
and SUCC(k) run in O(1 + logB N + kkk/B + kk0k/B) memory
transfers w.h.p., where k0 is the predecessor(resp. successor)of
k. The operation RANGE-QUERY(k,k0) runs in O(1+ logB N +
(kkk + kk0k + hhQii )/B) transfers w.h.p..Thecompressedkeyscan
bedecodedfor an additionalkQk/B transfers. Finally INSERT(k)
and DELETE(k) run in O(1 + logB N + log2 Nkkk/B) memory
transfers w.h.p..All resultshold in thecache-obliviousmodelwith
thetall-cacheassumption.

As describedearlier, we canreducethe boundsby usingscan-
ning structures[6], but at thecostof keepingthedataout of order
andof amortizingscans;detailsareleft for thefull version.Finally,
if we only needto returnpointersto keys, asin the stringB-tree,
weneednotstorethekeys themselvesin aPMA. Wecall thismod-
i�cation thepointerCOSB-tree. Our pointerCOSB-treematches
theboundsof thestringB-treein theamortizedsensewhile retain-
ing all of theadvantagesof cache-obliviousness.In summary, we
obtain:

THEOREM 15. The dynamic COSB-tree augmentedwith a
scanningstructure achievesthe boundsfrom Theorem14, except
that range queriesare amortized,and INSERT(k) and DELETE(k)
are accelerated to O(1+ logB N + log2+e logNkkk/B) amortized
memorytransfers w.h.p.,for anye> 0. If range queriesonly need
to returnpointers to keys,thentheupdatesbecomeO(1+ logB N+
kkk/B) amortizedmemorytransfers w.h.p.. All resultshold in the
cache-obliviousmodelwith thetall-cacheassumption.
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